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Abstract. Let Fq be the field of q elements and let A “ Fqrts be the
polynomial ring over Fq. Let n P AzFq be a monic polynomial with a
prime factor of degree prime to q ´ 1. Let ∆ be a subgroup of pA{pnqqˆ

such that the map ∆ Ñ pA{pnqqˆ{Fˆ
q is bijective. Let S be a scheme

over Ar1{ns and let R be an Ar1{ns-algebra which is an excellent regular
domain. In this paper, we show that any Drinfeld module E of rank two
over S admitting a Γ∆

1 pnq-structure is isomorphic to its Taguchi dual ED.
As an application, for the Hodge bundle ω̄ on the Drinfeld modular curve
X of level Γ∆

1 pnq over R, we give a dual Kodaira–Spencer isomorphism
of the form ω̄b2 » Ω1

X{Rp2Cuspsq, in contrast with the usual one in the

Drinfeld case in which ED is involved.

1. Introduction

Let p be a rational prime, q ą 1 a power of p and Fq the field of q elements.
Let t be an indeterminate, A “ Fqrts, K “ Fqptq, K8 “ Fqpp1{tqq and C8

the p1{tq-adic completion of an algebraic closure of K8. Let Ω “ C8zK8 be
the Drinfeld upper half plane, equipped with a natural structure of a rigid
analytic variety over C8.

Drinfeld modular forms are analogues over Fqptq of elliptic modular forms.
They are rigid analytic functions on Ω satisfying a transformation condi-
tion and regularity at cusps similar to those for elliptic modular forms.
In the theory of Drinfeld modular forms, Drinfeld modules of rank two,
which are line bundles with an exotic action of A, play the role that ellip-
tic curves play in the theory of elliptic modular forms. Though harmonic
cocycles provide a powerful tool to understand Drinfeld modular forms com-
binatorially [Tei], a geometric approach using Drinfeld modular curves and
their compactifications still seems meaningful to investigate (see for example
[BSCR, Böc, dVr, GV, Hat1]).

One problem we encounter in the geometric study of Drinfeld modular
forms is the lack of autoduality for Drinfeld modules. Any elliptic curve E
has autoduality: there exists a natural isomorphism from E to its dual. On
the other hand, there is a notion of a dual Drinfeld module due to Taguchi
[Tag]. For a Drinfeld module E of rank two, the dual ED is again a Drinfeld
module of rank two. However, we do not have an isomorphism E » ED of
Drinfeld modules in general.
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This lack affects the theory in different ways, especially on the shape of
the Kodaira–Spencer isomorphism in the Drinfeld case. For any Drinfeld
module E, we denote by ωE the sheaf of invariant differentials on E and
by HdRpEq Gekeler’s de Rham sheaf of E [Gek2, Definition 3.4], so that we
have a Hodge filtration

0 // ωE
// HdRpEq // ω_

ED
// 0.

For any n P AzFq, we have a Drinfeld modular curve Y pnq over Ar1{ns of
full level n classifying pairs of a Drinfeld module of rank two and a Γpnq-
structure on it. Let Eun be the universal Drinfeld module over Y pnq. Then,
using the Hodge filtration on HdRpEunq, Gekeler [Gek2, Theorem 6.11] de-
fined the (dual) Kodaira–Spencer isomorphism as

KS_ : ωEun bOY pnq
ωED

un
Ñ Ω1

Y pnq{Ar1{ns,

in contrast with the case of elliptic modular curves where we have such an
isomorphism of the form ωb2

Eun
» Ω1

Y pnq{Ar1{ns
.

Since Drinfeld modular forms are sections of tensor powers of ωEun , it is
desirable to have a Kodaira–Spencer isomorphism of the latter form. The
aim of this paper is to construct such an isomorphism.

Let R be an Ar1{ns-algebra which is an excellent regular domain. Suppose
that n has a prime factor of degree prime to q ´ 1. Let ∆ Ď pA{pnqqˆ be
a subgroup such that the map ∆ Ñ pA{pnqqˆ{Fˆ

q is an isomorphism. In

[Hat2], a level structure over Ar1{ns called a Γ∆
1 pnq-structure is studied. It

is a pair pλ, µq of a Γ1pnq-structure λ and an additional datum µ such that
the definition of µ depends on the choice of ∆ (Definition 2.6).

Let Y ∆
1 pnqR be the Drinfeld modular curve of level Γ∆

1 pnq over R and let
X∆

1 pnqR be its compactification. Let E∆
un be the universal Drinfeld module

of rank two over Y ∆
1 pnqR. Let ω∆

un “ ωE∆
un

and H∆
dR,un “ HdRpE∆

unq. We

denote by ω̄∆
un the natural extension of ω∆

un to X∆
1 pnqR. Let Cusps

∆
R be the

effective Cartier divisor of cusps on X∆
1 pnqR. Then the main theorem of this

paper is the following.

Theorem 1.1. (1) (Theorem 5.5) Let S be a scheme over Ar1{ns. Then
any Drinfeld module E of rank two over S admitting a Γ∆

1 pnq-structure
has an autoduality. Namely, for any Γ∆

1 pnq-structure pλ, µq on E,
there exists an isomorphism

ADpE,λ,µq : E Ñ ED

of Drinfeld modules over S.
(2) (Theorem 5.16) Let ADE∆

un
: E∆

un Ñ pE∆
unqD be the isomorphism of

(1) for the universal object pE∆
un, λun, µunq over Y ∆

1 pnqR. Then the
exact sequence

0 // ω∆
un

// H∆
dR,un

pr // pω∆
unq_ // 0
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obtained from the Hodge filtration by composing the inverse of the
dual pAD˚

E∆
un

q_ of the isomorphism AD˚
E∆

un
: ωpE∆

unqD Ñ ωE∆
un

extends
to an exact sequence

0 // ω̄∆
un

// H̄∆
dR,un

// pω̄∆
unq_ // 0

of finite locally free sheaves on X∆
1 pnqR.

(3) (Theorem 5.17) Let

KS_ : ωE∆
un

bO
Y ∆
1 pnqR

ωpE∆
unqD Ñ Ω1

Y ∆
1 pnqR{R

be the Kodaira–Spencer isomorphism for E∆
un. Then the isomor-

phism KSO : pω∆
unqb2 Ñ Ω1

Y ∆
1 pnqR{R

obtained by composing KS_ and

pAD˚
E∆

un
q´1 extends to an isomorphism

K̄S
O
: pω̄∆

unqb2 Ñ Ω1
X∆

1 pnqR{R
p2Cusps∆Rq

of invertible sheaves on X∆
1 pnqR.

(4) (Theorem 5.19) There exists an OX∆
1 pnqR

-linear alternating perfect

pairing

x´,´y
∆

un : H̄∆
dR,un bO

X∆
1 pnqR

H̄∆
dR,un Ñ OX∆

1 pnqR

which induces the canonical pairing

ω̄∆
un bO

X∆
1 pnqR

pω̄∆
unq_ Ñ OX∆

1 pnqR

via the exact sequence of (2).

Let us briefly explain an idea of the proof of Theorem 1.1. Let S be a
scheme over Ar1{ns and let E be a Drinfeld module of rank two over S. Let
LE be the underlying invertible sheaf of E. Then the underlying invertible
sheaf of ED is Lb´q

E . Write the morphism of multiplying t on E as

ΦE
t “ θ ` αE

1 τ ` αE
2 τ

2, αE
i P Lb1´qi

E pSq.

It is known [Hat1, Remark 2.20] that if we have a section H P Lb´1´q
E pSq

satisfying Hbq´1 “ ´αE
2 , then multiplying H gives an autoduality.

A key observation is that, over C8, Gekeler’s h-function gives such a
section, since the h-function satisfies the relation hq´1 “ ´g2 for the dis-
criminant function g2. Then the x-expansion principle [Hat1, Proposition
4.8 (i)] assures that the section descends to that on X∆

1 pnqR, which gives
the autoduality of Theorem 1.1 (1). The other assertions follow from glu-
ing in the style of Beauville–Laszlo [BL] and a study around cusps using
Tate–Drinfeld modules.

The organization of the paper is as follows. In §2, we recall the definitions
of Drinfeld modules, Drinfeld modular curves involved and Tate–Drinfeld
modules. In §3, we recall Gekeler’s theory of biderivations, de Rham sheaves
and Kodaira–Spencer maps for Drinfeld modules. We also give an explicit
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description of the Hodge filtration of a Drinfeld module over an affine scheme
when the underlying invertible sheaf is trivial. In §4, we prove a lemma
(Lemma 4.3) to construct extensions in Theorem 1.1, and also give a natural
extension of H∆

dR,un to X∆
1 pnqR. Then the main theorems are proved in §5.

In the course of the proof, we also fill some gaps in [Hat1, Hat2] concerning
the base change compatibility of sheaves of differentials by using the F -
finiteness of Ar1{ns (Remarks 5.3 and 5.4). We also present an intrinsic
construction of Y ∆

1 pnqR independently of the choice of ∆ (Theorem 5.14),
though it is not used in the proof of the main theorems.

Acknowledgements. The author would like to thank Oğuz Gezmiş and
Sriram Chinthalagiri Venkata for asking about the extension of the de Rham
sheaf and related discussions, which encouraged him to write this paper.
This work was supported by JSPS KAKENHI Grant Number JP23K03078.

2. Drinfeld modules and Drinfeld modular curves

2.1. Drinfeld modules. Let S be a scheme over Fq. For an OS-module F
and schemes X and T over S, we denote by F |T and X|T the pull-backs of
F and X by the morphism T Ñ S. When T “ SpecpBq, we often denote

them by F |B and X|B. We write F pqq and Xpqq for the pull-backs of F and
X by the absolute q-th power Frobenius morphism σS : S Ñ S. For any
Fq-algebra B, the absolute q-th power Frobenius map on B is denoted by
σ. For any scheme S over A, we denote by θ the image of t by the structure
map A Ñ OSpSq. For any OS-module F and any B-module M , we denote
by F_ “ HomOS

pF ,OSq and M_ “ HomBpM,Bq their linear duals. When
S “ SpecpBq is affine, we often identify a quasi-coherent sheaf F on S with
the B-module FpSq abusively.

For a group scheme G over a scheme S, we denote by

CotpGq “ ωG , LiepGq

the sheaf of invariant differentials on G and the Lie algebra of G, respectively.
We have LiepGq “ ω_

G , and if the OS-module ωG is finite locally free, then
the natural homomorphism ωG Ñ LiepGq_ is an isomorphism.

Let L be an invertible OS-module. Let

Lb´1 :“ L_ “ HomOS
pL,OSq.

We denote by
V˚pLq “ SpecpSymOS

pLb´1qq

the covariant line bundle associated with L. It represents the functor over
S defined by

T ÞÑ pL|T qpT q,

so that V˚pLq admits a natural action of the additive group scheme Ga “

SpecpOSrZsq over S. Moreover, for any scheme T over S, there exists a
Ga-equivariant natural isomorphism of group schemes

V˚pL|T q Ñ V˚pLq|T .
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We have an isomorphism of OS-modules

Lpqq Ñ Lbq, 1 b l ÞÑ lbq,

which induces a Ga-equivariant isomorphism of group schemes

V˚pLqpqq » V˚pLpqqq Ñ V˚pLbqq.

Under this identification, the relative q-th power Frobenius homomorphism

τ : V˚pLq Ñ V˚pLqpqq » V˚pLbqq

is given by the natural inclusion

SymOS
pLb´qq Ñ SymOS

pLb´1q.

In particular, for any scheme T over S, the map that τ induces on the
T -valued points is

V˚pLqpT q Ñ V˚pLbqqpT q, l ÞÑ lbq.

For any Fq-module schemes G and H over S, we denote by

HomFq ,SpG,Hq, HomFq ,SpG,Hq

the sheaf and the module of Fq-linear homomorphisms over S. Then we
have a natural isomorphism of OS-modules

à

mě0

Lb´qm Ñ HomFq ,SpV˚pLq,Gaq, l ÞÑ pZ ÞÑ lq.

Definition 2.1. Let r ě 1 be an integer and let S be a scheme over A. A
Drinfeld module of rank r over S is a pair E “ pLE ,Φ

Eq consisting of an
invertible OS-module LE and an Fq-algebra homomorphism

ΦE : A Ñ EndFq ,SpV˚pLEqq, a ÞÑ ΦE
a “

r degpaq
ÿ

i“0

αE
i paqτ i

with αE
i paq P Lb1´qi

E pSq such that αE
0 paq P OSpSq agrees with the image of

a by the structure map A Ñ OSpSq and αE
r degpaq

paq is nowhere vanishing.

Definition 2.2. For any Drinfeld modules E and F of some rank over S, we
define a morphism E Ñ F of Drinfeld modules over S as a homomorphism
of group schemes V˚pLEq Ñ V˚pLF q over S which is compatible with A-
actions given by ΦE and ΦF . By [Pin, Proposition 3.6], any such morphism
admitting a two-sided inverse is compatible with Ga-actions, and thus it
is induced by an isomorphism of OS-modules LE Ñ LF . We refer to a
morphism of Drinfeld modules with a two-sided inverse as an isomorphism.

Let S be a scheme over A and let E be a Drinfeld module of rank two
over S. Let

jtpEq :“ αE
1 ptqbq`1 b αE

2 ptqb´1 P OSpSq.

Then jtpEq depends only on the isomorphism class of E.
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2.2. Drinfeld modular curves. Let C “ SpecpArZsq be the Carlitz mod-
ule over A. It is the Drinfeld module of rank one with trivial underlying
invertible sheaf such that its A-action is given by

ΦC
t “ θ ` τ.

For anyA-module schemes G andH over a scheme S, we denote by IsomA,SpG,Hq

the set of isomorphisms G Ñ H of A-module schemes over S, and by
IsomA,SpG,Hq the functor over S associating with a scheme T the set

IsomA,SpG,HqpT q :“ IsomA,T pG|T ,H|T q.

Let n P AzFq be a monic polynomial. For a scheme S over A and a
Drinfeld module E of some rank over S, let

Erns “ KerpΦE
n : E Ñ Eq.

It is a finite locally free A-module scheme over S. When S is over Ar1{ns,
it is also étale. For a finite group G, we denote by G the constant group
scheme associated with G.

Definition 2.3. Let S be a scheme over Ar1{ns and let E be a Drinfeld
module of rank two over S. A Γpnq-structure on E is an isomorphism

α : pA{pnqq2 Ñ Erns

of A-module schemes over S.

It is known that the functor over Ar1{ns associating with a scheme S the
set of isomorphism classes of pairs pE,αq of a Drinfeld module E of rank
two over S and a Γpnq-structure α on E is representable by an affine scheme
Y pnq which is smooth of relative dimension one over Ar1{ns.

Definition 2.4. Let S be a scheme over Ar1{ns and let E be a Drinfeld
module of rank two over S. A Γ1pnq-structure on E is a closed immersion

λ : Crns|S Ñ Erns

of A-module schemes over S.

By [Hat2, p. 81], the functor sending a scheme S over Ar1{ns to the set of
isomorphism classes of pairs pE, λq of a Drinfeld module E of rank two over
S and a Γ1pnq-structure λ on E is representable by an affine scheme Y1pnq

which is smooth of relative dimension one over Ar1{ns.
Let λ be a Γ1pnq-structure on E. Then the A-module scheme Erns{Impλq

is finite étale over S and the functor

IsomA,SpA{pnq, Erns{Impλqq

is represented by a finite étale pA{pnqqˆ-torsor IpE,λq over S.
Consider the group

Γ1pnq “

"

γ “

ˆ

a b
c d

˙

P SL2pAq

ˇ

ˇ

ˇ

ˇ

γ ”

ˆ

1 ˚

0 1

˙

mod n

*

,
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which acts on the Drinfeld upper half plane Ω by γpzq “ az`b
cz`d . In order to

define a Hodge bundle on a model over Ar1{ns of the compactification of the
curve Γ1pnqzΩ, a level structure called a Γ∆

1 pnq-structure is studied [Hat2,
§3]. It is defined as follows.

Definition 2.5. An h-level pair pn,∆q consists of a monic polynomial n P

AzFq and a subgroup ∆ Ď pA{pnqqˆ satisfying the following conditions.

(1) n has a prime factor such that the degree of its residue field over Fq

is prime to q ´ 1.
(2) The natural map ∆ Ñ pA{pnqqˆ{Fˆ

q is an isomorphism.

Note that if n satisfies the former condition, then there exists ∆ satisfying
the latter condition. The h in the term reflects its relationship with Gekeler’s
h-function, as we will see in §5.2 and §5.3.

Definition 2.6. Let pn,∆q be an h-level pair. Let S be a scheme over Ar1{ns

and let E be a Drinfeld module of rank two over S. A Γ∆
1 pnq-structure on E

is a pair pλ, µq of a Γ1pnq-structure λ on E and an element µ P pIpE,λq{∆qpSq.

Then the functor sending a scheme S overAr1{ns to the set of isomorphism
classes of triples pE, λ, µq consisting of a Drinfeld module E of rank two over
S and a Γ∆

1 pnq-structure pλ, µq on E is representable by an affine scheme
Y ∆
1 pnq which is a finite étale Fˆ

q -torsor over Y1pnq. In fact, for the universal
object pEun, λunq over Y1pnq, we have

Y ∆
1 pnq “ IpEun,λunq{∆.

Let ‚ P tH,∆u. For any scheme S over Ar1{ns and any Drinfeld module
E of rank two over S, we denote by rΓ‚

1pnqsE{S be the finite étale scheme
over S representing the functor over S associating with a scheme T the set
of Γ‚

1pnq-structures on E|T .

2.3. Tate–Drinfeld modules. Here we recall the theory of Tate–Drinfeld
modules, following the exposition of [Böc, §2.2] and [Hat2, §4].

Let x be an indeterminate and let Appxqq be the Laurent power series ring
over A. Let

Λ “

"

ΦC
a

ˆ

1

x

˙ ˇ

ˇ

ˇ

ˇ

a P A

*

Ď Appxqq.

Note that for any nonzero element a P A, we have

ΦC
a

ˆ

1

x

˙

P
1

xqdegpaq
Arrxssˆ.

Define

eΛpXq “ X
ź

αPΛzt0u

ˆ

1 ´
X

α

˙

P X ` xX2ArrxssrrXss.

Then eΛpXq is entire with respect to the x-adic topology on Arrxss. In
particular, for any element β of a finite extension L{Kppxqq, plugging in
X “ β defines an element eΛpβq P L. Moreover, since Λ is stable under the
action of Fˆ

q defined by x ÞÑ c´1x, each coefficient of eΛpXq lies in Arrxq´1ss.
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We denote by e´1
Λ pXq the element of Arrxq´1ssrrXss satisfying eΛpe´1

Λ pXqq “

e´1
Λ peΛpXqq “ X. For any a P A, let

ΦΛ
a pXq :“ eΛpΦC

a pe´1
Λ pXqqq P Arrxq´1ssrrXss.

Then it is an element of Arrxq´1ssrXs having the following description. For
K “ Fqptq and an algebraic closure Kppxqqalg of the Laurent power series
field Kppxqq, consider the subgroup

pΦC
a q´1pΛq “ ty P Kppxqqalg | ΦC

a pyq P Λu.

Let Σa Ď pΦC
a q´1pΛq be a complete set of representatives of

ppΦC
a q´1pΛq{Λqzt0u.

Since A is a regular domain, the proof of [Böc, Proposition 2.9] is valid in
this case and we have

ΦΛ
a pXq “ aX

ź

βPΣa

ˆ

1 ´
X

eΛpβq

˙

.

Write

ΦΛ
t “ θ ` a1τ ` a2τ

2, ai P Arrxq´1ss.

By [Hat2, Lemma 4.1], we have

(2.1) a1 P 1 ` xq´1Arrxq´1ss, a2 P xq´1Arrxq´1ssˆ.

Definition 2.7. The Tate–Drinfeld module TDpΛq is the Drinfeld module
of rank two over Appxqq with trivial underlying invertible sheaf defined by

Φ
TDpΛq
t “ ΦΛ

t . By (2.1), it is obtained by the base extension of a Drinfeld
module TD▽pΛq over Appxq´1qq with trivial underlying invertible sheaf along
the natural map Appxq´1qq Ñ Appxqq.

For any A-algebra B, let

TDpΛq{B :“ TDpΛq|Bppxqq, TD▽pΛq{B :“ TD▽pΛq|Bppxq´1qq

be the base extensions along the natural maps Appxqq Ñ Bppxqq andAppxq´1qq Ñ

Bppxq´1qq, respectively.

Remark 2.8. In [Hat2], it is assumed that the base ring R0 is flat over
Ar1{ns. The flatness assumption is only used to assure the flatness of the
map A Ñ R0 in the proof of [Hat2, (4.5)]. We can drop the assumption by
proving [Hat2, (4.5)] over A as above and then extend the base ring to R0.

3. Dual Drinfeld modules and the Kodaira–Spencer map

3.1. Biderivations and the de Rham module. In this subsection, we
recall the theory of biderivations due to Gekeler [Gek2, §3], following [PR,
§2].

Let S be a scheme over A. Let E be a Drinfeld module of rank two over
S. Let G “ Ga or C.



ON AUTODUALITY OF DRINFELD MODULES 9

Definition 3.1. (1) An pE,Gq-biderivation over S is an Fq-linear ho-
momorphism

δ : A Ñ HomFq ,SpE,Gq, a ÞÑ δa

satisfying the following conditions.
‚ δλ “ 0 for any λ P Fq.
‚ δab “ ΦG

a ˝ δb ` δa ˝ ΦE
b for any a, b P A.

The Fq-vector space of pE,Gq-biderivations over S is denoted by
DerpE,Gq.

(2) The Fq-vector space of pE,Gq-biderivations δ such that the map
δ˚
t : ωG Ñ ωE is zero is denoted by Der0pE,Gq.

(3) An pE,Gq-biderivation δ is said to be inner if there exists an ele-
ment f P HomFq ,SpE,Gq satisfying δ “ δf , where δf is the pE,Gq-
biderivation defined by

pδf qa “ f ˝ ΦE
a ´ ΦG

a ˝ f

for any a P A. The Fq-vector space of inner pE,Gq-biderivations over
S is denoted by DerinpE,Gq.

(4) An inner pE,Gq-biderivation δf is said to be strictly inner if the
map f˚ : ωG Ñ ωE is zero. The Fq-vector space of strictly inner
pE,Gq-biderivations is denoted by DersipE,Gq.

The Fq-vector space DerpE,Gq admits right and left A-actions defined by

pδ ˚ cqa “ δa ˝ ΦE
c , pc ˚ δqa “ ΦG

c ˝ δa

for any c P A. Then the Fq-subspaces of DerpE,Gq

Der0pE,Gq Ě DerinpE,Gq Ě DersipE,Gq

are stable under these A-actions, and two actions agree with each other on
the quotient DerpE,Gq{DerinpE,Gq [PR, p. 412].

Note that we have an Fq-linear isomorphism

(3.1) DerpE,Gq Ñ HomFq ,SpE,Gq, δ ÞÑ δt.

We identify these Fq-vector spaces via this isomorphism. Moreover, writing
G “ SpecpOSrZsq, we have an isomorphism of OS-modules

(3.2)
à

mě0

Lb´qm

E Ñ HomFq ,SpE,Gq, l ÞÑ pZ ÞÑ lq.

Suppose that S “ SpecpBq for an A-algebra B. When G “ Ga, the
linear action of B on Ga gives structures of B-modules on DerpE,Gaq and
its Fq-subspaces defined above, which are compatible with the left A-action
δ ÞÑ c ˚ δ.

Definition 3.2. We call the B-module

DRpE,Gaq :“ Der0pE,Gaq{DersipE,Gaq

the de Rham module of E. We denote by HdRpEq the OS-module associated
with DRpE,Gaq and refer to it as the de Rham sheaf of E.
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Under the identification via the isomorphisms (3.1) and (3.2), we have
isomorphisms of Fq-vector spaces

(3.3)

à

mě1

Lb´qm

E pSq Ñ Der0pE,Gq,

Lb´q
E pSq Ñ Der0pE,Gq{DerinpE,Gq,

Lb´q
E pSq ‘ Lb´q2

E pSq Ñ Der0pE,Gq{DersipE,Gq

and also an isomorphism of OS-modules

(3.4) Lb´q
E ‘ Lb´q2

E Ñ HdRpEq.

Let R Ñ B be a homomorphism of A-algebras and let D P DerRpBq.
When the invertible sheaf LE is trivial, write LE “ OSl with some nowhere
vanishing section l P LEpSq. Then the derivation D acts R-linearly on
Der0pE,Gq by

Dpb1l
b´q ` ¨ ¨ ¨ ` bil

b´qiq :“ Dpb1qlb´q ` ¨ ¨ ¨ ` Dpbiql
b´qi pbi P Bq.

SinceDpbqq “ 0 for any b P B, this is independent of the choice of a generator
l. By gluing, we obtain an R-linear map ∇D : Der0pE,Gq Ñ Der0pE,Gq.
For G “ Ga, the map ∇D preserves the Fq-subspace DersipE,Gaq. Thus we
obtain an R-linear map

∇D : DRpE,Gaq Ñ DRpE,Gaq.

3.2. Dual Drinfeld modules. LetB be an A-algebra and let S “ SpecpBq.
Let E “ pLE ,Φ

Eq be a Drinfeld module of rank two over B. Write

ΦE
t “ θ ` α1τ ` α2τ

2, αi P Lb1´qi

E pSq.

Then Taguchi defined a dual ED of E, which is a Drinfeld module of rank
two over B [Tag, p. 578]. In fact, Papanikolas–Ramachandran [PR, p. 415]
showed that the dual ED represents the functor

pB-algebrasq Ñ pA-modulesq, B1 ÞÑ Der0pE|B1 , C|B1q{DerinpE|B1 , C|B1q.

Then (3.3) gives an isomorphism of Fq-vector space schemes over B

V˚pLb´q
E q Ñ ED.

Under this isomorphism, the A-action on ED is given by

(3.5) ΦED

t “ θ ´ α1 b αb´1
2 τ ` αb´q

2 τ2.

By [Hat1, Lemma 2.21], we have isomorphisms of B-modules

(3.6)
DerinpE,Gaq{DersipE,Gaq Ñ LiepEq_ “ ωE ,

LiepEDq Ñ Der0pE,Gaq{DerinpE,Gaq.

Write Ga “ SpecpBrZsq. Then the former is induced by composing the map

DerinpE,Gaq Ñ HomBpLiepEq,LiepGaqq, δf ÞÑ Liepfq
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and the isomorphism dZ : LiepGaq Ñ B. For the latter, consider the scheme
of dual numbers Sε “ SpecpBrεs{pε2qq. We have

LiepEDq “ KerpEDpSεq Ñ EDpSqq

and any element δ P Der0pE|Sε , C|Sεq can be written as δ “ δ0 ` εδ1 with
δ0 P Der0pE,Cq and δ1 P Der0pE,Gaq. Then the latter map of (3.6) is
induced by δ ÞÑ δ1.

The maps of (3.6) yield an exact sequence of B-modules

(3.7) 0 // ωE
// DRpE,Gaq // LiepEDq // 0,

which is split since the B-module LiepEDq is locally free.
For any homomorphism of A-algebras R Ñ B and D P DerRpBq, the

maps of (3.6) give the R-linear map

πD : ωE Ñ DRpE,Gaq
∇D
Ñ DRpE,Gaq Ñ LiepEDq,

which is in fact B-linear. Hence this yields a B-linear map

KSE{B{R : DerRpBq Ñ HomBpωE ,LiepEDqq “ ω_
E bB LiepEDq

which is called the Kodaira–Spencer map for E [Gek2, (6.6)].
Suppose that the B-module Ω1

B{R is finite locally free. Then, by double

duality, we have a natural isomorphism of B-modules

Ω1
B{R Ñ HomBpDerRpBq, Bq.

Hence, by taking the B-linear dual, the map KSE{B{R defines a B-linear
map

KS_
E{B{R : ωE bB ωED Ñ Ω1

B{R.

Moreover, let B1 be a formally étale B-algebra, so that the natural map
B1 bB Ω1

B{R Ñ Ω1
B1{R is an isomorphism. This induces an isomorphism of

B1-modules

DerRpB1q Ñ B1 bB DerRpBq, D|B1 ÞÑ 1 b D

satisfying pD|B1qpbq “ Dpbq|B1 for any b P B. Then we have the natural
commutative diagram

(3.8) ωE |B1 bB1 ωED |B1

1bKS_
E{B{R //

≀

��

B1 bB Ω1
B{R

≀
��

ωE|B1
bB1 ωE|D

B1 KS_
E|

B1 {B1{R

// Ω1
B1{R,

where the vertical arrows are isomorphisms.
Similarly, for any homomorphism R Ñ R1 of A-algebras and BR1 :“ R1bR

B, we have a natural isomorphism of BR1-modules R1 bR Ω1
B{R Ñ Ω1

BR1 {R1 .
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Then this induces the natural commutative diagram with isomorphic vertical
arrows

(3.9) ωE |BR1 bBR1 ωED |BR1

1bKS_
E{B{R //

≀

��

BR1 bB Ω1
B{R R1 bR Ω1

B{R

≀
��

„oo

ωE|B
R1

bBR1 ωE|DB
R1 KS_

E|B
R1

{B
R1 {R1

// Ω1
BR1 {R1 .

3.3. Case of trivial underlying invertible sheaf. Let us give an explicit
description of the Hodge filtration (3.7) when LE is trivial and S “ SpecpBq.
Let l P LEpSq be a nowhere vanishing section, so that we have LE “ OSl.
Then Lb´1

E “ OSl
b´1 with the dual basis lb´1 of l. We have an isomorphism

of OS-algebras

OSrXs Ñ SymOS
pLb´1

E q, X ÞÑ lb´1.

Similarly, we also have an isomorphism of OS-algebras

OSrY s Ñ SymOS
pLbq

E q, Y ÞÑ lbq.

They induce Ga-equivariant isomorphisms of Fq-vector space schemes over
S

(3.10) E “ V˚pLEq Ñ SpecpOSrXsq, ED “ V˚pLb´q
E q Ñ SpecpOSrY sq.

Using these maps, we identify as E “ SpecpOSrXsq and ED “ SpecpOSrY sq,
respectively. Write

αi “ ail
b1´qi pai P Bq.

Then the isomorphisms (3.10) enable us to identify ΦE
t and ΦED

t as

ΦE
t “ θ ` a1τ ` a2τ

2, ΦED

t “ θ ´ a1a
´1
2 τ ` a´q

2 τ2.

For G “ Ga or C, write G “ SpecpOSrZsq. Under the isomorphism (3.2),
the relative q-th power Frobenius map

τ “ pZ ÞÑ Xqq P HomFq ,SpE,Gq »
à

mě0

Lb´qm

E pSq

corresponds to lb´q. Since (3.10) yields dX “ lb´1 and d
dY “ lb´q, we may

write

(3.11) ωE “ OSdX, LiepEDq “ OS
d

dY
, HdRpEq “ OSτ ‘ OSτ

2.

Then the exact sequence (3.7) equals

0 // BdX
i // Bτ ‘ Bτ2

π // B d
dY

// 0.

By the description of (3.6), the maps i and π in this sequence are given
as follows. Consider the map

id : E Ñ Ga “ SpecpBrZsq, Z ÞÑ X.
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Then ipdXq equals the class of δid, where δid is the inner biderivation satis-

fying pδidqt “ id ˝ ΦE
t ´ ΦGa

t ˝ id. Namely, we have

(3.12) ipdXq “ a1τ ` a2τ
2.

On the other hand, let b1, b2 P B and δ “ b1τ ` b2τ
2. Let Sε “

SpecpBrεs{pε2qq. Then the element

πpδq P LiepEDq “ KerpEDpSεq Ñ EDpSqq

is given by the class of the biderivation pt ÞÑ εδq P Der0pE|Sε , C|Sεq modulo
DerinpE|Sε , C|Sεq. Since

εa´1
2 b2pθ ` a1τ ` a2τ

2q ´ pθ ` τqpεa´1
2 b2q “ εpa´1

2 a1b2τ ` b2τ
2q,

the class agrees with that of εpb1 ´a´1
2 a1b2qτ . Since this corresponds to the

element

εa´1
2 pa2b1 ´ a1b2qlb´q P V˚pLb´q

E qpSεq “ EDpSεq,

under the identification (3.10) we obtain

(3.13) πpδq “ a´1
2 pa2b1 ´ a1b2q

d

dY
.

4. Extension to the compactification

Let pn,∆q be an h-level pair. Let R be an Ar1{ns-algebra which is an
excellent regular domain.

4.1. Compactification of Drinfeld modular curves. First we recall the
definition of the compactification X∆

1 pnqR of Y ∆
1 pnqR and its description

around cusps, following [Hat2, p. 85 and §5].
Let E∆

un “ pL∆
un,Φ

E∆
unq be the universal Drinfeld module over Y ∆

1 pnqR,
which is the base extension of the universal Drinfeld module Eun over Y1pnqR
by the natural projection Y ∆

1 pnqR Ñ Y1pnqR. Consider the morphism

jt : Y
∆
1 pnqR Ñ A1

R “ SpecpRrjsq, j ÞÑ jtpE
∆
unq.

We define the compactification X∆
1 pnqR of Y ∆

1 pnqR by the normalization
of P1

R in Y ∆
1 pnqR along the morphism jt. Then it is known [Hat2, p. 85]

that the morphism X∆
1 pnqR Ñ SpecpRq is smooth of relative dimension one

with geometrically connected fibers. Moreover, the smoothness implies that
the formation of X∆

1 pnqR is compatible with any base extension R Ñ R1 of
excellent regular domains over Ar1{ns.

Define a scheme {Cusps
∆

R by the cartesian diagram

(4.1) {Cusps
∆

R
//

��

X∆
1 pnqR

��
SpecpRrr1{jssq // P1

R.
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Since (2.1) implies jtpTD
▽pΛq{Rq P x1´qRrrxq´1ssˆ, we have an isomorphism

y▽ : S0,R :“ SpecpRppxq´1qqq Ñ SpecpRpp1{jqqq, j ÞÑ jtpTD
▽pΛq{Rq.

Then we can show that {Cusps
∆

R is isomorphic to the normalization of SpecpRrrxq´1ssq

in a scheme Y ∆
1 pnqS0,R

defined by the following cartesian diagram

Y ∆
1 pnqS0,R

//

��

Y ∆
1 pnqR

��
S0,R

y▽
„ // SpecpRpp1{jqqq // A1

R.

For ‚ P tH,∆u, write

rΓ‚
1pnqsTD▽{R :“ rΓ‚

1pnqsTD▽pΛq{R{SpecpRppxq´1qqq,

rΓ‚
1pnqsTD{R :“ rΓ‚

1pnqsTDpΛq{R{SpecpRppxqqq.

By [Hat2, Lemma 3.4], we have

(4.2) Fˆ
q “ AutA,Rppxq´1qqpTD

▽pΛq{Rq,

where the symbol on the right-hand side denotes the group of A-linear auto-
morphisms over Rppxq´1qq. This group acts on rΓ1pnqsTD▽{R and rΓ∆

1 pnqsTD▽{R

by

rcspTD▽pΛq|T , λq :“ pTD▽pΛq|T , cλq,

rcspTD▽pΛq|T , λ, µq :“ pTD▽pΛq|T , cλ, cµq

for any scheme T over S and any c P Fˆ
q .

Moreover, for any c P Fˆ
q , let

gc : Rppxqq Ñ Rppxqq, x ÞÑ c´1x.

This defines an action of Fˆ
q on SpecpRppxqqq over Rppxq´1qq. By [Hat2,

Lemma 5.1], we have an Fˆ
q -equivariant isomorphism of schemes over Rppxq´1qq

(4.3) rΓ1pnqsTD{R “ rΓ1pnqsTD▽{RˆRppxq´1qqSpecpRppxqqq Ñ rΓ∆
1 pnqsTD▽{R,

where Fˆ
q acts on the source diagonally.

The natural morphism

T▽ : rΓ∆
1 pnqsTD▽{R Ñ Y ∆

1 pnqR

is Fˆ
q -invariant, and it induces an isomorphism of schemes over Rppxq´1qq

rΓ∆
1 pnqsTD▽{R{Fˆ

q Ñ Y ∆
1 pnqS0,R

.

Let Z∆
R be the normalization of SpecpRrrxq´1ssq in rΓ∆

1 pnqsTD▽{R. Then

the Fˆ
q -action on rΓ∆

1 pnqsTD▽{R extends to Z∆
R . By [Hat2, Lemma 5.2], the

action is free, and the isomorphism above induces a natural isomorphism
over Rrrxq´1ss

(4.4) Z∆
R {Fˆ

q Ñ {Cusps
∆

R .
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By composing the natural projection, we obtain a morphism

T ▽ : Z∆
R Ñ Z∆

R {Fˆ
q Ñ {Cusps

∆

R Ñ X∆
1 pnqR.

We denote by Cusps∆R the closed subscheme of {Cusps
∆

R defined by 1{j “ 0
with the reduced structure. By [Hat2, Theorem 6.3], we know that Cusps∆R
is a closed subscheme of X∆

1 pnqR which is finite étale over R and thus it
defines an effective Cartier divisor on X∆

1 pnqR.

Lemma 4.1. Let R Ñ R1 be a homomorphism of excellent regular domains
over Ar1{ns. Then we have natural isomorphisms

{Cusps
∆

R1 Ñ {Cusps
∆

R
pˆR SpecpR1q, Cusps∆R1 Ñ Cusps∆R ˆR SpecpR1q,

where {Cusps
∆

R
pˆR SpecpR1q denotes the affine scheme defined by the p1{jq-

adic completion of the affine ring of {Cusps
∆

R ˆR SpecpR1q.

Proof. This follows in the same way as [KM, Proposition 8.6.6]. Since

{Cusps
∆

R is finite over SpecpRrr1{jssq, the former assertion follows from [FK,
Exercise 0.7.9] and the cartesian diagrams

{Cusps
∆

R1
//

��

{Cusps
∆

R ˆR SpecpR1q //

��

X∆
1 pnqR1

��
SpecpR1rr1{jssq // SpecpRrr1{jssq ˆR SpecpR1q // P1

R1 .

Since the closed subscheme Cusps∆R ˆR SpecpR1q of X∆
1 pnqR1 » X∆

1 pnqR ˆR

SpecpR1q is finite étale over R1, it is reduced. Thus it agrees with Cusps∆R1

as a subscheme and the latter assertion follows. □

4.2. Modification at cusps and an extension of the de Rham sheaf.
Write

P∆
R :“ rΓ∆

1 pnqsTD▽{R “ SpecpB∆
R q, Z∆

R “ SpecpB∆
R q,

where B∆
R is a finite étale Rppxq´1qq-algebra and B∆

R is a finite torsion-free
Rrrxq´1ss-subalgebra of B∆

R . These rings are equipped with natural actions
of the group Fˆ

q via (4.2) which are compatible with each other. We denote

the actions of c P Fˆ
q on these rings by rcs.

Let F be a finite locally free sheaf on Y ∆
1 pnqR. Let M be the finite

locally free B∆
R -module associated with pT▽q˚F . Then the B∆

R -module M
is equipped with an Fˆ

q -action covering the action on B∆
R . For c P Fˆ

q , we
denote the action by

θc : rcs˚M Ñ M.

Definition 4.2. Let F be a finite locally free sheaf on Y ∆
1 pnqR. Let M be

the finite locally free B∆
R -module associated with pT▽q˚F . A modification

of F at cusps is a finite locally free B∆
R -submodule M of M such that
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M bB∆
R
B∆

R “ M and for any c P Fˆ
q , the map θc sends rcs˚M to M .

It follows that the induced map θc : rcs˚M Ñ M is an isomorphism and
defines an action of Fˆ

q covering that on B∆
R .

Let CR be the category defined as follows.

‚ An object of CR is a pair pF ,M q of a finite locally free sheaf F on
Y ∆
1 pnqR and its modification at cusps M .

‚ A morphism pF ,M q Ñ pF 1,M 1q is a pair pf, gq of a morphism of
OY ∆

1 pnqR
-modules f : F Ñ F 1 and a B∆

R -linear map g : M Ñ M 1

satisfying ppT▽q˚fq|M “ g. Then it follows that g is Fˆ
q -equivariant.

We say that a sequence pF ,M q Ñ pF 1,M 1q Ñ pF2,M 2q in this category is
exact if the sequences F Ñ F 1 Ñ F2 and M Ñ M 1 Ñ M 2 are exact.

For any homomorphism R Ñ R1 of excellent regular domains over Ar1{ns,
we have a base extension functor CR Ñ CR1 defined by

pF ,M q ÞÑ pF |Y ∆
1 pnqR1

,M bB∆
R
B∆

R1q.

Lemma 4.3. The functor from the category of finite locally free sheaves on
X∆

1 pnqR to CR defined by

F ÞÑ pF |Y ∆
1 pnqR

, pT ▽q˚Fq

is an exact equivalence of categories with an exact quasi-inverse. Moreover,
this functor is compatible with the base extension along any homomorphism
R Ñ R1 of excellent regular domains over Ar1{ns.

Proof. Let us prove the first assertion. By [Mum, §12, Theorem 1 (B)],
the category CR is equivalent to the category C1

R of pairs pF ,Gq of a finite

locally free sheaf F on Y ∆
1 pnqR and a finite locally free sheaf G on {Cusps

∆

R

which agree with each other on Y ∆
1 pnqS0,R

. Since the equivalence is given

by the pull-back along the quotient map by a free action of Fˆ
q , it is exact.

Moreover, since the order of the group Fˆ
q is invertible in R and the quasi-

inverse is given by taking the Fˆ
q -invariant submodule, the latter is also

exact. Thus we reduce ourselves to showing that the functor

(4.5) F ÞÑ pF |Y ∆
1 pnqR

,F |
{Cusps

∆

R

q

from the category of finite locally free sheaves on X∆
1 pnqR to C1

R is an exact
equivalence of categories with an exact quasi-inverse.

Consider the finite map jt : X∆
1 pnqR Ñ P1

R and the open subscheme
SpecpRr1{jsq of P1

R. Write the restriction of X∆
1 pnqR to this open sub-

scheme by SpecpBq. Since the morphism jt : Y
∆
1 pnqR Ñ SpecpRrjsq is flat,

the element 1{j P B is a nonzero divisor. Furthermore, the finiteness of

jt implies that the affine ring of {Cusps
∆

R is identified with the p1{jq-adic

completion B̂ of B and that of Y ∆
1 pnqS0,R

with B̂r1{p1{jqs. Thus the descent
lemma of Beauville–Laszlo [BL, Théorème] shows that the functor (4.5) is
an equivalence of categories.
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For the exactness, since we are assuming that R is excellent (in particular,

Noetherian), the map B Ñ B̂ is flat and the functor is exact. The exactness
of the quasi-inverse follows from [Sta, (15.91.16.1)] and the snake lemma.
The compatibility with base extension follows from the commutative dia-
gram

Z∆
R1

//

��

X∆
1 pnqR1

��

Y ∆
1 pnqR1oo

��
Z∆
R

// X∆
1 pnqR Y ∆

1 pnqR.oo

□

Define the Hodge bundle on Y ∆
1 pnqR by

ω∆
un :“ CotpE∆

unq “ pL∆
unq_.

Its extension to X∆
1 pnqR is defined in [Hat2, Theorem 5.3 (2)]. Here we

briefly recall the construction, using Lemma 4.3. Over the scheme P∆
R “

SpecpB∆
R q, we have the canonical isomorphism

(4.6) TD▽pΛq|B∆
R

Ñ E∆
un|P∆

R
.

Moreover, under this isomorphism, the pull-back of the Hodge bundle to P∆
R

agrees with the coherent sheaf associated with

CotpTD▽pΛq|B∆
R

q “ B∆
R dX,

and the action of c P Fˆ
q via (4.2) is given by dX ÞÑ cdX covering the action

on B∆
R . Hence its B∆

R -submodule B∆
RdX is a modification of ω∆

un at cusps,
and thus Lemma 4.3 yields an invertible sheaf ω̄∆

un on X∆
1 pnqR extending

ω∆
un.
Next we define an extension of the de Rham sheaf

H∆
dR,un :“ HdRpE∆

unq

on Y ∆
1 pnqR to X∆

1 pnqR. A similar extension is given by Gezmiş–Venkata
[GV, Definition 7.5] in the case of full level.

Consider the exact sequence (3.7) for the Tate-Drinfeld module TD▽pΛq|B∆
R

over P∆
R “ SpecpB∆

R q. As in (3.11), we write

M :“ DRpTD▽pΛq|B∆
R
,Gaq “ B∆

R τ ‘ B∆
R τ2.

By (3.12), we have

(4.7) dX “ a1τ ` a2τ
2 P B∆

R τ ‘ B∆
R τ2.

On the other hand, by [Hat1, Lemma 4.1], we have

lpxq :“
da1
dx

´
a1
a2

da2
dx

P
1

x
Rrrxssˆ.
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Following [Gek2, p. 247], consider the element of DRpTDpΛq{R,Gaq defined
by

ˆ

∇
´x2 d

dx
`

x2

a2

da2
dx

˙

pdXq,

which is identified with

(4.8) η :“ ´x2lpxqτ P Rppxqqτ ‘ Rppxqqτ2.

By the isomorphism (4.3), the natural map Rppxq´1qq Ñ B∆
R factors through

Rppxqq and the Tate–Drinfeld module TD▽pΛq|B∆
R

agrees with the base ex-

tension of TDpΛq{R to B∆
R . We denote the pull-back of η via this map also

by η.
Since B∆

R is defined as the normalization of Rrrxq´1ss in B∆
R , (4.3) also

implies that the map Rrrxq´1ss Ñ B∆
R factors through Rrrxss. Hence

(4.9) lpxq P
1

x
Rrrxssˆ Ď

1

x
pB∆

R qˆ.

This shows that the elements dX and η form a basis of the free B∆
R -module

M “ DRpTD▽pΛq|B∆
R
,Gaq.

Now we define a B∆
R -submodule M of M by

M :“ B∆
RdX ‘ B∆

R η.

For any c P Fˆ
q , consider the map θc : rcs˚M Ñ M . Since ai P Rrrxq´1ss for

i “ 1, 2, we see that the element xdai
dx P Rppxqq is Fˆ

q -invariant. Moreover,
the element τ P HomFq ,RppxqqpTDpΛq{R,Gaq is given by Z ÞÑ Xq and, as an
automorphism of TDpΛq{R over Rppxqq, the action of c sends τ to cτ . Since

(4.3) shows that the map Rppxqq Ñ B∆
R is Fˆ

q -equivariant, we have

θcprcs˚dXq “ cdX, θcprcs˚ηq “ η.

This implies that M is a modification of H∆
dR,un at cusps. By Lemma 4.3,

we obtain a finite locally free sheaf H̄∆
dR,un on X∆

1 pnqR extending H∆
dR,un.

5. Autoduality and the Hodge bundle

Let pn,∆q be an h-level pair and let R be an Ar1{ns-algebra which is an
excellent regular domain.

5.1. F -finiteness and formal étaleness around cusps. Recall that an
Fp-algebra R is said to be F -finite if the p-th power Frobenius map F : R Ñ

R is finite. When R is an Fq-algebra, it is the same as saying that the q-th
power Frobenius map σ : R Ñ R is finite. Examples of F -finite Fp-algebras
include A, perfect rings and complete discrete valuation rings whose residue
field has a finite p-basis. If R is F -finite, then any R-algebra of finite type
and the localization of R by any multiplicative subset are F -finite.

The following lemma can be proved as [Sta, Lemma 110.44.4].
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Lemma 5.1. Let R be an F -finite excellent Fp-algebra and let z be an
indeterminate. Then the natural map

ι : Rrzs Ñ Rrrzss

is formally étale. In particular, we have an isomorphism of Rrrzss-modules

Rrrzssdz “ Rrrzss bRrzs Ω
1
Rrzs{R Ñ Ω1

Rrrzss{R.

Proof. It is enough to show that ι is formally unramified and formally
smooth. For the former, note that the image F pRq of the map F : R Ñ R is
a subring of R. By the assumption that R is F -finite, [Sta, Lemma 10.96.12]
implies that Rrrzss is also F -finite. Let f1, . . . , fr be generators of the
F pRrrzssq-module Rrrzss. Write any element f P Rrrzss as f “

řr
i“1 h

p
i fi

with some hi P Rrrzss. Then it follows that

df “

r
ÿ

i“1

hpi dfi,

which implies that Ω1
Rrrzss{Rrzs

is a finite Rrrzss-module. On the other hand,

for any integer n ě 0, write

f “ Pn ` znfn pPn P Rrzs, fn P Rrrzssq.

Then we have df “ zndfn in Ω1
Rrrzss{Rrzs

for any n. Namely,

df P
č

ně0

znΩ1
Rrrzss{Rrzs.

SinceRrrzss is Noetherian, Krull’s intersection theorem [Sta, Lemma 10.51.5]
implies df “ 0. Since f is arbitrary, this means Ω1

Rrrzss{Rrzs
“ 0 and thus

the map ι is formally unramified.
Let us show the formal smoothness. Since R is excellent, the ring Rrzs

is also excellent and by [Sta, Lemma 15.50.14], the map ι is regular. By
Popescu’s theorem [Sta, Theorem 16.12.1], it is a filtered colimit of smooth
maps. Since the formation of näıve cotangent complexes is compatible with
filtered colimit [Sta, Lemma 10.134.9], the formal smoothness of ι follows
from [Sta, Proposition 10.138.8] and Ω1

Rrrzss{Rrzs
“ 0. □

Corollary 5.2. Let R be an Ar1{ns-algebra which is an F -finite excellent
regular domain. Then the natural morphisms

ι : {Cusps
∆

R Ñ X∆
1 pnqR,

T ▽ : Z∆
R Ñ X∆

1 pnqR, T▽ : rΓ∆
1 pnqsTD▽{R Ñ Y ∆

1 pnqR

are formally étale. In particular, we have isomorphisms

ι˚Ω1
X∆

1 pnqR{R
Ñ Ω1

{Cusps
∆

R{R
,

pT ▽q˚Ω1
X∆

1 pnqR{R
Ñ Ω1

B∆
R {R

, pT▽q˚Ω1
Y ∆
1 pnqR{R

Ñ Ω1
B∆

R {R
.
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Proof. By Lemma 5.1, the map Rr1{js Ñ Rrr1{jss is formally étale. Then
the assertions on ι follows from the cartesian diagram (4.1) and [Sta, Lemma
37.11.11]. Since the action of Fˆ

q on Z∆
R is free, the natural projection

Z∆
R Ñ Z∆

R {Fˆ
q is étale. Hence the assertions on T ▽ follow from (4.4).

Those on T▽ follow by inverting 1{j. □
Remark 5.3. Let R0 be an Ar1{ns-algebra which is an excellent regular
domain. As in [Hat2, §6, p. 94], let Rn be the domain generated over R0

by a root of the n-th Carlitz cyclotomic polynomial, which is a finite étale
R0-algebra. By [Hat2, Lemma 6.2], the base change of rΓ∆

1 pnqsTD▽{R0
along

the finite étale map R0 Ñ Rn is a finite direct sum of schemes of the form
SpecpRnppwqqq with some indeterminate w.

The proof of [Hat1, Corollary 4.2] seems to have gaps. Firstly, in order
that we have a natural map Y pnqR Ñ Y ∆

1 pnqR, we need to assume that
Crns|R is isomorphic to A{pnq. Thus, at the beginning of the proof, it is

necessary to extend the base ring from R0 to Rn. (The author thanks Paola
Chilla for pointing out this issue.)

Secondly, it is claimed in the last paragraph of [Hat1, p. 22] that the pull-
back of the map [Hat1, (4.4)] to Rnppwqq is identified with a similar map for
a Tate–Drinfeld module over Rnppwqq. However, the target of the pull-back
map is

pRnppwqq bB∆
Rn

pT▽q˚Ω1
Y ∆
1 pnqRn{Rn

qbq´1

and it is not necessarily isomorphic to pΩ1
Rnppwqq{Rn

qbq´1.

When R0 is F -finite, the étaleness of the map B∆
Rn

Ñ Rnppwqq and Lemma
5.1 show

Rnppwqq bB∆
Rn

pT▽q˚Ω1
Y ∆
1 pnqRn{Rn

» Rnppwqq bB∆
Rn

Ω1
B∆

Rn
{Rn

» Ω1
Rnppwqq{Rn

and the issue is resolved.
By the compatibility with the base extension of Lemma 4.3, the formation

of the Hodge bundle ω̄∆
un is compatible with any base change of excellent

regular domains over Ar1{ns (see also [Hat2, Theorem 5.3]). Since the ring
Ar1{ns and finite Ar1{ns-algebras are F -finite, the proof of [Hat1, Corollary
4.2] is valid with the following fix: we show it over Ar1{ns (by adding a root
of the n-th Carlitz cyclotomic polynomial for the first issue) and then extend
the base ring to R0.

Remark 5.4. The proof of [Hat2, Theorem 6.3 (3)] needs a similar fix
to Remark 5.3. There it is allegedly proved that the pull-back of the

sheaf Ω1
X∆

1 pnqR0
{R0

p2Cusps∆R0
q by the map ι : {Cusps

∆

R0
Ñ X∆

1 pnqR0 is a free

O
{Cusps

∆

R0

-module generated by dx{x2. However, in the proof it is implicitly

assumed that

‚ ι˚Ω1
X∆

1 pnqR0
{R0

» Ω1
{Cusps

∆

R0
{R0

, and

‚ Ω1
Rnrrwss{Rn

“ Rnrrwssdw.
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Thus, in order to show [Hat2, Theorem 6.3 (3)], we need to assume that
R0 is F -finite, in which case the proof in [Hat2] is valid since both of the
assumptions above hold by Lemma 5.1 and Corollary 5.2.

This correction does not affect [Hat1], since [Hat2, Theorem 6.3 (3)] is
used in that paper only when the base ring R0 is F -finite. On the other
hand, it does not seem that the assumption of F -finiteness of R0 can be
dropped by a base extension argument, since the formation of Ω1

{Cusps
∆

R0
{R0

is not necessarily compatible with any base extension.

5.2. Autoduality of Drinfeld modules. Let hpzq be Gekeler’s h-function
[Gek1, Theorem 5.13]. It is a Drinfeld modular form of level GL2pAq, weight
q ` 1 and type one. It is known that for the discriminant function g2pzq

(which is denoted by ∆pzq in [Gek1]), we have

(5.1) hpzqq´1 “ ´g2pzq.

Moreover, [Gek1, Theorem 6.1] shows that, for a Carlitz period π̄ and the
parameter at the infinity

upzq :“
1

π̄z
ś

aPAzt0u

`

1 ´ z
a

˘ ,

the h-function has a u-expansion at the infinity of the form

hpzq “ upzq `
ÿ

ně2

anupzqn, an P A.

Note that the C8-vector space of Drinfeld modular forms of level Γ1pnq

and weight k is identified with

H0pX∆
1 pnqC8 , pω̄∆

unqbkq

(see [Hat1, p. 26]). The discriminant function g2pzq corresponds to an el-
ement of this space defined by the rule associating with a triple pE, λ, µq

consisting of a Drinfeld module E of rank two over a scheme S and a Γ∆
1 pnq-

structure pλ, µq on it the section αE
2 ptq P ωq2´1

E pSq.
Moreover, for any element f of this space, let f8puq be the u-expansion

at the infinity of the corresponding Drinfeld modular form. For the 8-cusp
x∆8 : SpecpC8rrxssq Ñ X∆

1 pnqC8 [Hat2, p. 93], write

F8pxqpdXqbk “ px∆8q˚f

with some F8pxq P C8rrxss. Then we have f8puq “ F8puq. Therefore, by
the x-expansion principle [Hat1, Proposition 4.8 (i)] and (5.1), the h-function
defines a section

h P H0pX∆
1 pnqAr1{ns, pω̄∆

unqbq`1q

satisfying

(5.2) hbq´1 “ ´α
E∆

un
2 ptq.

In particular, h is nowhere vanishing on Y ∆
1 pnqAr1{ns.
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As mentioned in [Hat1, Remark 2.20], this gives an autoduality of Drinfeld
modules of rank two admitting a Γ∆

1 pnq-structure.

Theorem 5.5. Let S be a scheme over Ar1{ns. Let E “ pLE ,Φ
Eq be a

Drinfeld module of rank two over S with a Γ∆
1 pnq-structure pλ, µq. Then

there exists an isomorphism

ADpE,λ,µq : E Ñ ED

of Drinfeld modules over S.

Proof. The isomorphism class of pE, λ, µq defines a morphism f : S Ñ

Y ∆
1 pnqAr1{ns. By the relation (5.2), the element f˚h P Lb´1´q

E pSq is nowhere
vanishing on S and satisfies

(5.3) pf˚hqbq´1 “ ´αE
2 ptq P Lb1´q2

E pSq.

Then the isomorphism of OS-modules

LE Ñ Lb´q
E , l ÞÑ l b f˚h

gives an isomorphism of Fq-module schemes

ADpE,λ,µq : E “ V˚pLEq Ñ V˚pLb´q
E q “ ED.

By (3.5), we see that it is A-linear. This concludes the proof. □

By Theorem 5.5, we also have an isomorphism of OS-modules

(5.4) AD˚
pE,λ,µq : ωED “ Lbq

E Ñ Lb´1
E “ ωE , l ÞÑ l b f˚h.

Lemma 5.6. Let b P B∆
R be any element satisfying bq´1 “ ´a2. Then we

have b P xpB∆
R qˆ.

Proof. In the Rppxq´1qq-algebra B∆
R , (2.1) implies

`

x´1b
˘q´1

“ ´x1´qa2 P Rrrxq´1ssˆ.

Since B∆
R is defined as the normalization of Rrrxq´1ss in B∆

R , we have x´1b P

pB∆
R qˆ. □

Corollary 5.7. For the map T▽ : P∆
R “ SpecpB∆

R q Ñ Y ∆
1 pnqR, write

pT▽q˚h “ bhpdXqbq`1, bh P B∆
R .

Then we have bq´1
h “ ´a2 and bh P xpB∆

R qˆ.

Proof. By (4.6) and the relation (5.3), we have bq´1
h “ ´a2. Then Lemma

5.6 concludes the proof. □
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5.3. Relationship between autoduality and Γ∆
1 pnq-structures. Here

we give an intrinsic construction of the Drinfeld modular curve Y ∆
1 pnqR

which leads to a more direct proof of Theorem 5.5. The content of this
subsection will not be used in the rest of the paper. We denote the fiber
product and the tensor product over Fq by ˆ and b, respectively. We use
the notation and definitions from [Böc, §7].

Definition 5.8. Let S be a scheme over A and let E “ pLE ,Φ
Eq be a

Drinfeld module of rank two over S. An h-structure on E is a section
H P Lb´1´q

E pSq satisfying

Hbq´1 “ ´αE
2 ptq.

If an h-structure H on E exists, then the section H is nowhere vanishing
and the invertible OS-module Lb´1´q

E is trivial.

Let Eun “ pLun,Φ
Eunq be the universal Drinfeld module over Y1pnqR.

Then the element αEun
2 ptq P Lb1´q2

un pY1pnqq defines a section

α2 : Y1pnqR Ñ V˚pLb1´q2

un q.

Consider the morphism of schemes over Y1pnqR

V˚pLb´1´q
un q Ñ V˚pLb1´q2

un q, l ÞÑ lq´1.

Define a scheme Y h
1 pnqR by the cartesian diagram

Y h
1 pnqR //

��

Y1pnqR

α2
��

V˚pLb´1´q
un q // V˚pLb1´q2

un q.

Then Y h
1 pnqR represents the functor over Y1pnqR defined by

S ÞÑ tH P pLb´1´q
un |SqpSq | Hbq´1 “ ´αEun

2 ptq|Su.

The group Fˆ
q acts on Y h

1 pnqR over Y1pnqR by

rcspHq “ c´1H pc P Fˆ
q q.

This makes Y h
1 pnqR a finite étale Fˆ

q -torsor over Y1pnqR.
For any scheme S over A and any Drinfeld module E of rank r over S,

the OS-module

HomFq ,SpE,Gaq “
à

mě0

Lb´qm

E

is endowed with the right A-action via ΦE . We denote by MpEq the
associated τ -sheaf over A on S [Böc, Example 7.7 (b)]. It is a locally
free OSˆSpecpAq-module of rank r such that, for the first projection pr1 :
S ˆ SpecpAq Ñ S, we have

ppr1q˚MpEq “ HomFq ,SpE,Gaq.
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Moreover, it is equipped with anOSˆSpecpAq-linear map τ : pσSˆ1q˚MpEq Ñ

MpEq induced by

HomFq ,SpE,Gaqpqq Ñ HomFq ,SpE,Gaq, 1 b f ÞÑ τ ˝ f.

We denote by

DpEq :“
r

ľ

MpEq

the exterior power of MpEq as an OSˆSpecpAq-module. We consider DpEq

as a τ -sheaf with the map
Źr τ .

Lemma 5.9. The τ -sheaf DpEq is isomorphic to pr˚
1L

b´
1´qr

1´q

E with the τ -
structure

p´1qrpθ ´ tqpr˚
1pαE

r ptqb´1τq.

Proof. Let U Ď S be an affine open subscheme such that LE |U is triv-
ial. Write LE |U “ OU l with some nowhere vanishing section l. Then
MpEq|UˆSpecpAq is a free OUˆSpecpAq-module generated by

lb´1, lb´q, . . . , lb´qr´1
.

Hence we have

DpEq|UˆSpecpAq “ OUˆSpecpAql
b´

1´qr

1´q

and, if we write αE
r ptq “ grl

b1´qr with some gr P OpUqˆ, then its τ -structure
is given by

pσU ˆ 1q˚l
b´

1´qr

1´q ÞÑ p´1qrpθ ´ tqpr˚
1pg´1

r ql
b´

1´qr

1´q .

Then the trivialization
ˆ

pr˚
1L

b´
1´qr

1´q

E

˙ˇ

ˇ

ˇ

ˇ

UˆSpecpAq

“ OUˆSpecpAqpr
˚
1 l

b´
1´qr

1´q

gives an isomorphism
ˆ

pr˚
1L

b´
1´qr

1´q

E

˙ˇ

ˇ

ˇ

ˇ

UˆSpecpAq

Ñ DpEq|UˆSpecpAq,

pr˚
1 l

b´
1´qr

1´q ÞÑ l
b´

1´qr

1´q ,

which glues to yield an isomorphism of τ -sheaves as claimed. □
For the Carlitz module C, its associated τ -sheaf is given by

MpCq “ OSpecpAqˆSpecpAq, τp1q “ t ´ θ.

Lemma 5.10. Let S be a scheme over A and let E be a Drinfeld mod-
ule of rank two over S equipped with an h-structure H. Then we have an
isomorphism of τ -sheaves over A on S

νH : DpEq Ñ MpC|Sq

satisfying νrcspHq “ cνH for any c P Fˆ
q .
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Proof. Multiplying Hb´1 induces an isomorphism of OSˆSpecpAq-modules

νH : pr˚
1L

b´1´q
E Ñ pr˚

1OS “ OSˆSpecpAq “ MpC|Sq.

Lemma 5.9 shows that it is an isomorphism of τ -sheaves. Since νHppr˚
1Hq “

1 and νrcspHqpc
´1pr˚

1Hq “ 1, we obtain νrcspHq “ cνH . □
The following lemma can be shown in the same way as [Böc, Proposition

7.19].

Lemma 5.11. Let B be a Noetherian normal Ar1{ns-algebra and let E “

pLE ,Φ
Eq be a Drinfeld module of some rank over S “ SpecpBq. Then we

have a natural isomorphism

Erns Ñ HomAppMpEq{nMpEqqét, A{pnqq

of étale sheaves of A{pnq-modules on S, where p´qét is the A-linear functor
attaching an étale sheaf to a τ -sheaf [Böc, Definition 7.16].

Proof. For any étale ring map u : B Ñ B1, we have a natural map

ErnspB1q Ñ Homτ,A,B1pu˚MpEq{nu˚MpEq,HomFqpA{pnq, B1qq,

e ÞÑ pf ÞÑ pa ÞÑ pfpaeqqqq.

Here Homτ,A,B1 denotes the group of pB1 b Aq-linear homomorphisms com-
patible with τ and the τ -structure on the ring B1 is given by the q-th power
Frobenius map.

Note that we have isomorphisms of pB1 b Aq-modules

A{pnq b B1 Ñ HomFqpA{pnq,Fqq b B1 Ñ HomFqpA{pnq, B1q,

where the left one is induced by the perfect pairing

A{pnq b A{pnq Ñ Fq, pa mod n, b mod nq ÞÑ Res8pn´1abdtq.

Since B is Noetherian and normal, so is B1 and we can write

B1 “
ź

iPI

B1
i, |I| ă `8

with some normal domain B1
i. This implies that the τ -invariant subring of

B1 equals

pB1qτ “
ź

iPI

Fq

and we have pA{pnq b B1qτ “ A{pnqpB1q. Thus we obtain a map of étale
sheaves

Erns Ñ HomAppMpEq{nMpEqqét, A{pnqq.

Since [And, Proposition 1.8.3] shows that it is isomorphic at any geometric
points, the lemma follows. □

The following proposition gives a Weil pairing valued in Crns for a Drinfeld
module E of rank two admitting an h-structure. Over C8, the observation
that we can define such a Weil pairing using Gekeler’s h-function as an
h-structure also appeared in [Bre, §4].
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Proposition 5.12. Let B be a Noetherian normal Ar1{ns-algebra and let
E “ pLE ,Φ

Eq be a Drinfeld module of rank two over S “ SpecpBq. Let H
be an h-structure on E. Then we have an isomorphism

fH :
2

ľ

Erns Ñ Crns|B

of étale sheaves of A{pnq-modules on S. For any c P Fˆ
q , it satisfies

(5.5) frcsH “ c´1fH .

Proof. Applying Lemma 5.11 to the Carlitz module C, we have an isomor-
phism

ϕC : Crns|B Ñ HomAppMpC|Bq{nMpC|Bqqét, A{pnqq

of étale sheaves of A{pnq-modules on S.
On the other hand, since the functor p´qét commutes with the exterior

power over A{pnq [Böc, Theorem 7.18] and the formation of exterior power
commutes with taking the linear dual, the isomorphism of Lemma 5.11 in-
duces an isomorphism

δE :
2

ľ

Erns Ñ HomAppDpEq{nDpEqqét, A{pnqq

of étale sheaves of A{pnq-modules on S. Composing these isomorphisms with
the induced map by νH of Lemma 5.10, we obtain an isomorphism

fH “ ϕ´1
C ˝ pν˚

Hq´1 ˝ δE :
2

ľ

Erns Ñ HomAppDpEq{nDpEqqét, A{pnqq

Ñ HomAppMpC|Bq{nMpC|Bqqét, A{pnqq

Ñ Crns|B

of étale sheaves of A{pnq-modules on S.
Moreover, for any c P Fˆ

q , Lemma 5.10 also implies

frcspHq “ ϕ´1
C ˝ pν˚

rcspHqq
´1 ˝ δE “ ϕ´1

C ˝ pcν˚
Hq´1 ˝ δE “ c´1fH .

This concludes the proof of the proposition. □

Corollary 5.13. Let B be a Noetherian normal Ar1{ns-algebra and let E “

pLE ,Φ
Eq be a Drinfeld module of rank two over S “ SpecpBq equipped with

a Γ1pnq-structure λ. Let H be an h-structure on E. Then we have an
isomorphism

µH : A{pnq Ñ Erns{Impλq

of A-module schemes over S. For any c P Fˆ
q , it satisfies

(5.6) µrcsH “ cµH .

Proof. The Γ1pnq-structure λ : Crns|B Ñ Erns induces an isomorphism

g :
2

ľ

Erns » Crns|B bA{pnq pErns{Impλqq
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of étale sheaves of A{pnq-modules on S. With the isomorphism fH of Propo-
sition 5.12, this gives an isomorphism

g ˝ f´1
H : Crns|B Ñ Crns|B bA{pnq pErns{Impλqq.

Note that we have an isomorphism

Crns|B bA{pnq HomApCrns|B, A{pnqq Ñ A{pnq

of étale sheaves of A{pnq-modules over S. Then, twisting by the étale sheaf
HomApCrns|B, A{pnqq, we obtain an isomorphism

µH “ pg ˝ f´1
H qp´1q : A{pnq Ñ Erns{Impλq.

Moreover, for any c P Fˆ
q , (5.5) yields

µrcspHq “ pg ˝ f´1
rcspHq

qp´1q “ pg ˝ pc´1fHq´1qp´1q “ cµH .

This concludes the proof. □

Theorem 5.14. We have an isomorphism

j∆ : Y h
1 pnqR Ñ Y ∆

1 pnqR

of schemes over Y1pnqR.

Proof. Since the affine ring of Y1pnqR is Noetherian and normal, so is that
of Y h

1 pnqR. For the universal object pEun, λunq over Y1pnqR and its universal
h-structure Hun over Y h

1 pnqR, Corollary 5.13 gives an isomorphism

µHun : A{pnq Ñ pEunrns{Impλunqq|Y h
1 pnqR

of A-module schemes over Y h
1 pnqR. Then the image of

µHun P IpEun,λunqpY
h
1 pnqRq Ñ pIpEun,λunq{∆qpY h

1 pnqRq

yields a morphism j∆ : Y h
1 pnqR Ñ Y ∆

1 pnqR over Y1pnqR.
The source and the target of j∆ are finite étale Fˆ

q -torsors over Y1pnqR,

and (5.6) implies that j∆ is Fˆ
q -equivariant. Hence j

∆ is an isomorphism. □

Corollary 5.15. Let H be an h-structure on E∆
un, which exists by Theorem

5.14. Then H extends to an element of

H0pX∆
1 pnqR, pω̄∆

unqbq`1q.

Proof. By Lemma 4.3 and [Sta, (15.91.16.1)], it is enough to show

pT▽q˚H P B∆
R pdXqbq`1

under the isomorphism (4.6). Write pT▽q˚H “ bpdXqbq`1 with some b P

B∆
R . Since H is an h-structure on E∆

un, by (4.6) we have bq´1 “ ´a2. Then
Lemma 5.6 yields b P B∆

R and the corollary follows. □

Using Corollary 5.15, we can bypass the use of the x-expansion principle
in the proof of Theorem 5.5.
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5.4. Extension of the Hodge filtration and autoduality. By Theorem
5.5, the universal object pE∆

un, λun, µunq over Y ∆
1 pnqR gives an isomorphism

ADE∆
un

: E∆
un Ñ pE∆

unqD.

Moreover, (3.7) for E∆
un yields an exact sequence

(5.7) 0 // ω∆
un

// H∆
dR,un

/ / LieppE∆
unqDq // 0.

By composing the right map of (5.7) with the dual of the map AD˚
E∆

un
of

(5.4), we obtain a morphism of OY ∆
1 pnqR

-modules

pr : H∆
dR,un Ñ LieppE∆

unqDq “ pωpE∆
unqDq_ » ω_

E∆
un

and an exact sequence

(5.8) 0 // ω∆
un

// H∆
dR,un

pr // pω∆
unq_ // 0

of finite locally free sheaves on Y ∆
1 pnqR.

Theorem 5.16. The map pr extends to a surjection of OX∆
1 pnqR

-modules

p̄r : H̄∆
dR,un Ñ pω̄E∆

un
q_

which sits in an exact sequence

0 // ω̄∆
un

// H̄∆
dR,un

p̄r // pω̄∆
unq_ // 0

of finite locally free sheaves on X∆
1 pnqR extending (5.8).

Proof. By Lemma 4.3, it is enough to show that the map pT▽q˚pprq induces
a surjection pT ▽q˚H̄∆

dR,un Ñ pT ▽q˚ppω̄∆
unq_q whose kernel is B∆

RdX. Since
the formation of the linear dual of a finite locally free sheaf is compatible
with any base change, for the OX∆

1 pnqR
-module F̄ corresponding to an object

pF ,M q of the category CR of Lemma 4.3, we see that pT ▽q˚pF̄_q is the
coherent sheaf corresponding to the B∆

R -module

HomB∆
R

pM ,B∆
R q.

Let us describe the map pT▽q˚pprq. Since the formation of the dual Drin-
feld module is compatible with base extension, (4.6) implies that the pull-
back of pE∆

unqD by the map T▽ is TD▽pΛqD|B∆
R
. By (3.10), for Y “ Xb´q

we have

TD▽pΛqD “ SpecpRppxq´1qqrY sq, Φ
TD▽pΛqD

t pY q “ θY ´a1a
´1
2 Y q`a´q

2 Y q2 .

Note that the pull-back of the exact sequence (5.7) by T▽ is

(5.9) 0 // B∆
R dX // B∆

R dX ‘ B∆
R η // B∆

R
d
dY

// 0,
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where the element η is defined by (4.8). The left map of (5.9) is the natural
inclusion. By (3.13), the right map equals

b1τ ` b2τ
2 ÞÑ

a2b1 ´ a1b2
a2

d

dY
P LiepTD▽pΛqD|B∆

R
q.

By Corollary 5.7, for an element bh P xpB∆
R qˆ Ď pB∆

R qˆ, we have

pT▽q˚pprq : B∆
R τ ‘ B∆

R τ2 Ñ B∆
R

d

dX
, b1τ ` b2τ

2 ÞÑ
a2b1 ´ a1b2

a2bh

d

dX
.

Then (4.9) implies

pT▽q˚pprqpηq “ ´
x2lpxq

bh

d

dX
P pB∆

R qˆ d

dX
.

Hence (5.9) induces an exact sequence of B∆
R -modules

0 // B∆
RdX // B∆

RdX ‘ B∆
R η // B∆

R
d
dX

// 0.

This concludes the proof of the theorem. □

5.5. Kodaira–Spencer isomorphism and autoduality. By the proof of
[Hat1, Corollary 4.2] and Remark 5.3, we know that the map

KS_
E∆

un{Y ∆
1 pnqR{R

: ωE∆
un

bO
Y ∆
1 pnqR

ωpE∆
unqD Ñ Ω1

Y ∆
1 pnqR{R

is an isomorphism. By composing it with the map (5.4) for the universal
object pE∆

un, λun, µunq, we obtain an isomorphism

KSO : pω∆
unqb2 Ñ Ω1

Y ∆
1 pnqR{R

of invertible sheaves on Y ∆
1 pnqR

Theorem 5.17. The map KSO extends to an isomorphism

K̄S
O
: pω̄∆

unqb2 Ñ Ω1
X∆

1 pnqR{R
p2Cusps∆Rq

of invertible sheaves on X∆
1 pnqR.

Proof. By Lemma 4.1, (3.9) and the compatibility with base extension of
Lemma 4.3, it is enough to show the theorem for R “ Ar1{ns. Thus we may
assume that R is F -finite.

By Lemma 4.3, it is enough to show that the map pT▽q˚KSO induces an
isomorphism

pT ▽q˚ppω̄∆
unqb2q Ñ pT ▽q˚pΩ1

X∆
1 pnqR{R

p2Cusps∆Rqq.

By Corollary 5.2 and (3.8), the map pT▽q˚KSO is identified with a similar
map

(5.10) KSO
TD▽|

B∆
R

: pB∆
R dXqb2 Ñ B∆

R dX bB∆
R
B∆

R dY
KS_

Ñ Ω1
B∆

R {R
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for TD▽pΛq|B∆
R
, where KS_ “ KS_

TD▽pΛq|
B∆
R

{B∆
R {R

and the left map is given

by

pdXqb2 ÞÑ b´1
h dX b dY

with the element bh of Corollary 5.7. By (4.3), the map Rppxq´1qq Ñ B∆
R

factors through an étale map Rppxqq Ñ B∆
R . Thus, by (3.8), the right map

of (5.10) agrees with the pull-back to B∆
R of the map

KS_
TDpΛq{R{Rppxqq{R : RppxqqdX bRppxqq RppxqqdY Ñ Ω1

Rppxqq{R

for TDpΛq{R. Then [Hat1, Lemma 4.1] yields

KSO
TD▽|

B∆
R

ppdXqb2q “ b´1
h lpxqdx.

By Corollary 5.2, we have an isomorphism

Ω1
X∆

1 pnqR{R
p2Cusps∆Rq|

{Cusps
∆

R

Ñ Ω1
{Cusps

∆

R{R
p2Cusps∆Rq.

Then [Hat2, Theorem 6.3 (3)] and Remark 5.4 show that this is a free

Op {Cusps
∆

Rq-module of rank one generated by x´2dx. Thus we have an iso-
morphism of B∆

R -modules

pT ▽q˚pΩ1
X∆

1 pnqR{R
p2Cusps∆Rqq Ñ x´2B∆

Rdx.

Since (4.9) and Corollary 5.7 imply b´1
h lpxq P x´2pB∆

R qˆ, the map KSO
TD▽|

B∆
R

induces an isomorphism of B∆
R -modules

pB∆
RdXqb2 Ñ x´2B∆

Rdx.

Hence the theorem follows from Lemma 4.3. □

5.6. Arithmetic de Rham pairing. Let S “ SpecpBq be an affine scheme
over Ar1{ns and let E “ pLE ,Φ

Eq be a Drinfeld module of rank two over
S with a Γ∆

1 pnq-structure pλ, µq. Let f : S Ñ Y ∆
1 pnq be the morphism that

the isomorphism class of pE, λ, µq defines. We define a map

x´,´yE : DRpE,Gaq bB DRpE,Gaq Ñ B

as follows. By (3.4), we have an isomorphism

Lb´q
E pSq ‘ Lb´q2

E pSq Ñ DRpE,Gaq

by which we identify the source with the target. For any element φ P

DRpE,Gaq, write

φ “ pφ1, φ2q, φi P Lb´qi

E pSq.

Let φ,φ1 P DRpE,Gaq. Following [Gek2, (7.14)], we define

xφ,φ1yE :“ pφ1 b φ1
2 ´ φ1

1 b φ2q b pf˚hqb´q P B.
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Since f˚h is nowhere vanishing, this pairing is B-linear, alternating and
perfect. In particular, we have an OY ∆

1 pnqR
-linear alternating perfect pairing

x´,´y∆un : H∆
dR,un bO

Y ∆
1 pnqR

H∆
dR,un Ñ OY ∆

1 pnqR
,

which we call the arithmetic de Rham pairing.

Lemma 5.18. The pairing

ω∆
un bO

Y ∆
1 pnqR

pω∆
unq_ Ñ OY ∆

1 pnqR
, φ b prpφ1q ÞÑ xφ,φ1y∆un

that the exact sequence (5.8) and the arithmetic de Rham pairing induce is
equal to the canonical pairing.

Proof. It is enough to show the equality of the pairings on any affine open
subscheme U “ SpecpBq of Y ∆

1 pnqR on which LE∆
un

is trivial. Put E “ E∆
un|U .

Write E “ SpecpBrXsq, ED “ SpecpBrY sq as (3.10) and

ΦE
t “ θ ` a1τ ` a2τ

2 pa1 P B, a2 P Bˆq.

Then we have
h|U “ bpdXqbq`1, b P Bˆ

so that bq´1 “ ´a2.
By (3.13), the element

τ P DRpE,Gaq “ Bτ ‘ Bτ2

satisfies prpbτq “ d
dX P LiepEq and

xdX, bτyE “ xa1τ ` a2τ
2, bτyE “ ´a2b

1´q “ 1.

This means that the induced pairing BdX bB B d
dX Ñ B is the canonical

one. □
Theorem 5.19. The arithmetic de Rham pairing extends to an OX∆

1 pnqR
-

linear alternating perfect pairing

x´,´y
∆

un : H̄∆
dR,un bO

X∆
1 pnqR

H̄∆
dR,un Ñ OX∆

1 pnqR

such that the pairing

ω̄∆
un bO

X∆
1 pnqR

pω̄∆
unq_ Ñ OX∆

1 pnqR
, φ b p̄rpφ1q ÞÑ xφ,φ1y

∆

un

that the exact sequence of Theorem 5.16 induces is equal to the canonical
pairing.

Proof. For the existence of an extension as an alternating OX∆
1 pnqR

-linear

map, consider the pull-back

x´,´yB∆
R
:“ pT▽q˚x´,´y∆un.

Let dX and η be the elements of (4.7) and (4.8), respectively. By (4.9) and
Corollary 5.7, we have

(5.11) xdX, ηyB∆
R

“ x2lpxqa2b
´q
h P pB∆

R qˆ.
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Thus we obtain an extension as an OX∆
1 pnqR

-linear map by Lemma 4.3.

Moreover, since X∆
1 pnqR is an integral scheme, any nonempty open subset

U of it meets Y ∆
1 pnqR and the restriction map

(5.12) OpUq Ñ OpU X Y ∆
1 pnqRq

is injective. Since x´,´y∆un is alternating, for any section φ P H̄∆
dR,unpUq the

element xφ,φy
∆

un vanishes on U X Y ∆
1 pnqR and thus xφ,φy

∆

un “ 0.

For the perfectness of x´,´y
∆

un, consider the map

H̄∆
dR,un Ñ HomO

X∆
1 pnqR

pH̄∆
dR,un,OX∆

1 pnqR
q, φ ÞÑ pφ1 ÞÑ xφ,φ1y

∆

unq.

Then its pull-back by T ▽ is given by the B∆
R -linear map

pdX, ηq ÞÑ ppdXq_, η_q

ˆ

0 ´x2lpxqa2b
´q
h

x2lpxqa2b
´q
h 0

˙

,

where tpdXq_, η_u is the dual basis. By (5.11), it is an isomorphism of B∆
R -

modules. Hence Lemma 4.3 shows that the map above is an isomorphism.

Since we have proved that x´,´y
∆

un is alternating, we obtain the perfectness.
For the last statement, by Lemma 5.18, the two pairings are equal on

Y ∆
1 pnqR. Then the equality on X∆

1 pnqR follows from the injectivity of (5.12).
□
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