ON AUTODUALITY OF DRINFELD MODULES AND
DRINFELD MODULAR FORMS

SHIN HATTORI

ABSTRACT. Let F, be the field of ¢ elements and let A = Fy[t] be the
polynomial ring over F,. Let n € A\F; be a monic polynomial with a
prime factor of degree prime to ¢ — 1. Let A be a subgroup of (A/(n))*
such that the map A — (A4/(n))*/F; is bijective. Let S be a scheme
over A[1/n] and let R be an A[1/n]-algebra which is an excellent regular
domain. In this paper, we show that any Drinfeld module E of rank two
over S admitting a I'{* (n)-structure is isomorphic to its Taguchi dual E”.
As an application, for the Hodge bundle @ on the Drinfeld modular curve
X of level 'Y (n) over R, we give a dual Kodaira—Spencer isomorphism
of the form ©®? ~ Qk/R(QCusps), in contrast with the usual one in the

Drinfeld case in which EP is involved.

1. INTRODUCTION

Let p be a rational prime, ¢ > 1 a power of p and I, the field of ¢ elements.
Let ¢t be an indeterminate, A = Fy[t], K = Fy(t), Ko = Fy((1/t)) and Cy
the (1/t)-adic completion of an algebraic closure of K. Let Q = C,\ Ky be
the Drinfeld upper half plane, equipped with a natural structure of a rigid
analytic variety over C.

Drinfeld modular forms are analogues over F,(t) of elliptic modular forms.
They are rigid analytic functions on {2 satisfying a transformation condi-
tion and regularity at cusps similar to those for elliptic modular forms.
In the theory of Drinfeld modular forms, Drinfeld modules of rank two,
which are line bundles with an exotic action of A, play the role that ellip-
tic curves play in the theory of elliptic modular forms. Though harmonic
cocycles provide a powerful tool to understand Drinfeld modular forms com-
binatorially [Tei|, a geometric approach using Drinfeld modular curves and
their compactifications still seems meaningful to investigate (see for example
[BSCR, Béc, dVr, GV, Hatl]).

One problem we encounter in the geometric study of Drinfeld modular
forms is the lack of autoduality for Drinfeld modules. Any elliptic curve &£
has autoduality: there exists a natural isomorphism from & to its dual. On
the other hand, there is a notion of a dual Drinfeld module due to Taguchi
[Tag]. For a Drinfeld module E of rank two, the dual E? is again a Drinfeld
module of rank two. However, we do not have an isomorphism E ~ EP of
Drinfeld modules in general.
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This lack affects the theory in different ways, especially on the shape of
the Kodaira—Spencer isomorphism in the Drinfeld case. For any Drinfeld
module E, we denote by wg the sheaf of invariant differentials on E and
by Har(E) Gekeler’s de Rham sheaf of E [Gek2, Definition 3.4], so that we
have a Hodge filtration

0——>wp —> Har(E) WY 0.

For any n € A\[F,, we have a Drinfeld modular curve Y (n) over A[1/n] of
full level n classifying pairs of a Drinfeld module of rank two and a I'(n)-
structure on it. Let Fy, be the universal Drinfeld module over Y (n). Then,
using the Hodge filtration on Hqgr(Fun), Gekeler [Gek2, Theorem 6.11] de-
fined the (dual) Kodaira—Spencer isomorphism as

KSY :wpg,, X0y () WED, — Q%/(n)/A[l/n]’

in contrast with the case of elliptic modular curves where we have such an
isomorphism of the form w%fn ~ Q%/(n)/A[l/n]‘

Since Drinfeld modular forms are sections of tensor powers of wg,_ , it is
desirable to have a Kodaira—Spencer isomorphism of the latter form. The
aim of this paper is to construct such an isomorphism.

Let R be an A[1/n]-algebra which is an excellent regular domain. Suppose
that n has a prime factor of degree prime to ¢ — 1. Let A < (A/(n))* be
a subgroup such that the map A — (A/(n))*/Fy is an isomorphism. In
[Hat2], a level structure over A[1/n] called a I'f(n)-structure is studied. It
is a pair (A, u) of a I';(n)-structure A and an additional datum g such that
the definition of p depends on the choice of A (Definition 2.6).

Let Y{®(n)g be the Drinfeld modular curve of level I'f*(n) over R and let
X£(n)g be its compactification. Let FZ, be the universal Drinfeld module
of rank two over Y{*(n)g. Let wd = wpa and HfR,un = Har(EL). We
denote by w4, the natural extension of ws to X (n)g. Let Cusps% be the
effective Cartier divisor of cusps on X{*(n)z. Then the main theorem of this
paper is the following.

Theorem 1.1. (1) (Theorem 5.5) Let S be a scheme over A[1/n]. Then
any Drinfeld module E of rank two over S admitting a FlA(n) -structure
has an autoduality. Namely, for any TP (n)-structure (A, ) on E,
there exists an isomorphism

ADg ) E— EP

of Drinfeld modules over S.

(2) (Theorem 5.16) Let ADpa : ES — (ES)P be the isomorphism of
(1) for the universal object (B4, Mun, pun) over Y2 (n)g. Then the
exact sequence

A pr A

0 —=wh — Hiqun — (Wh)Y —=0
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obtained from the Hodge filtration by composing the inverse of the
dual (ADa )Y of the isomorphism ADa : wgayp — wga extends
to an exact sequence

A /A —A
un /HdR7un (wun

0—w )Y —=0
of finite locally free sheaves on X{(n)g.
(8) (Theorem 5.17) Let
. 1
KSV ' wEuAn ®OY1A(11)R w(EuAn)D - leA(n)R/R
be the Kodaira—Spencer isomorphism for Elﬁl. Then the isomor-

phism KSY : (wi)®? — Q%/A(n)R/R obtained by composing KSY and
1

(AD*EuAn)_I extends to an isomorphism
< A A
KSY : (@2)%? - QQ%(H)R/R(QCuspSR)
of invertible sheaves on X{(n)g.
(4) (Theorem 5.19) There exists an Oxa (), linear alternating perfect
pairing

A A A
<77 *>un : HdR,un ®OX1A(n)R /HdR,un - OXlA(n)R
which induces the canonical pairing

-A A\ Vv
Wun ®OX1A(n)R (wun) - OXlA(n)R

via the exact sequence of (2).

Let us briefly explain an idea of the proof of Theorem 1.1. Let S be a
scheme over A[1/n] and let E be a Drinfeld module of rank two over S. Let
L be the underlying invertible sheaf of E. Then the underlying invertible
sheaf of EP is E%_q. Write the morphism of multiplying ¢t on E as

OF =0+ ofr+afir? ofe E%lfqz(S).

It is known [Hatl, Remark 2.20] that if we have a section H € E%flfq(S)
satisfying H®I~! = —af , then multiplying H gives an autoduality.

A key observation is that, over Co,, Gekeler’s h-function gives such a
section, since the h-function satisfies the relation h9~! = —gy for the dis-
criminant function go. Then the z-expansion principle [Hatl, Proposition
4.8 (i)] assures that the section descends to that on X{*(n)g, which gives
the autoduality of Theorem 1.1 (1). The other assertions follow from glu-
ing in the style of Beauville-Laszlo [BL] and a study around cusps using
Tate—Drinfeld modules.

The organization of the paper is as follows. In §2, we recall the definitions
of Drinfeld modules, Drinfeld modular curves involved and Tate—Drinfeld
modules. In §3, we recall Gekeler’s theory of biderivations, de Rham sheaves
and Kodaira—Spencer maps for Drinfeld modules. We also give an explicit



4 SHIN HATTORI

description of the Hodge filtration of a Drinfeld module over an affine scheme
when the underlying invertible sheaf is trivial. In §4, we prove a lemma
(Lemma 4.3) to construct extensions in Theorem 1.1, and also give a natural
extension of HﬁRﬂm to X{*(n)g. Then the main theorems are proved in §5.
In the course of the proof, we also fill some gaps in [Hatl, Hat2] concerning
the base change compatibility of sheaves of differentials by using the F-
finiteness of A[1/n] (Remarks 5.3 and 5.4). We also present an intrinsic
construction of Y{*(n)g independently of the choice of A (Theorem 5.14),
though it is not used in the proof of the main theorems.

Acknowledgements. The author would like to thank Oguz Gezmis and
Sriram Chinthalagiri Venkata for asking about the extension of the de Rham
sheaf and related discussions, which encouraged him to write this paper.
This work was supported by JSPS KAKENHI Grant Number JP23K03078.

2. DRINFELD MODULES AND DRINFELD MODULAR CURVES

2.1. Drinfeld modules. Let S be a scheme over F,. For an Og-module F
and schemes X and T over S, we denote by F|r and X |7 the pull-backs of
F and X by the morphism 7" — S. When T = Spec(B), we often denote
them by F|p and X|5. We write (9 and X(@ for the pull-backs of F and
X by the absolute g-th power Frobenius morphism og : S — S. For any
Fg-algebra B, the absolute g-th power Frobenius map on B is denoted by
o. For any scheme S over A, we denote by 6 the image of ¢ by the structure
map A — Og(S). For any Og-module F and any B-module M, we denote
by FY = Homoy(F,Og) and MY = Homp(M, B) their linear duals. When
S = Spec(B) is affine, we often identify a quasi-coherent sheaf F on S with
the B-module F(S) abusively.
For a group scheme G over a scheme S, we denote by

Cot(G) = wg, Lie(G)
the sheaf of invariant differentials on G and the Lie algebra of G, respectively.
We have Lie(G) = wg, and if the Og-module wg is finite locally free, then

the natural homomorphism wg — Lie(G)" is an isomorphism.
Let £ be an invertible Og-module. Let

L=V = ,%mos (ﬁ, 05).
We denote by
V(L) = Spec(Syme (£L971))
the covariant line bundle associated with L. It represents the functor over
S defined by
T — (L]7)(T),
so that V,(£) admits a natural action of the additive group scheme G, =

Spec(Og[Z]) over S. Moreover, for any scheme T over S, there exists a
Ga-equivariant natural isomorphism of group schemes

Vi(Llr) = Vi(L)lT-
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We have an isomorphism of Og-modules
ra LP 1@ (®

which induces a G,-equivariant isomorphism of group schemes
Vi(£)@ = Vo (£LD) - V, (£2).

Under this identification, the relative g-th power Frobenius homomorphism
71 V(L) > Vi (£)D ~ v, (£2)

is given by the natural inclusion
Syme (£97%) — Symp (L8971

In particular, for any scheme T over S, the map that 7 induces on the
T-valued points is

Vi (L)(T) — Vi (L2)(T), 1= 1%
For any F,-module schemes G and H over S, we denote by
Homy, s(G,H), Homp,s(G,H)

the sheaf and the module of F,-linear homomorphisms over S. Then we
have a natural isomorphism of Og-modules

P L — Homr, s(Vi(L),Ga), 1+ (Z—1).

m=0

Definition 2.1. Let r > 1 be an integer and let S be a scheme over A. A
Drinfeld module of rank r over S is a pair E = (Lg, ®F) consisting of an
invertible Og-module L and an [F4-algebra homomorphism

rdeg(a)
0P : A - Endr, 5(Va(LE)), a—>®F= > of (a)r
=0

with o (a) € E%lfqi(S) such that of’(a) € Og(S9) agrees with the image of
a by the structure map A — Og(S) and af deg(a) (a) is nowhere vanishing.

Definition 2.2. For any Drinfeld modules £ and F' of some rank over .S, we
define a morphism E — F' of Drinfeld modules over S as a homomorphism
of group schemes V,(Lg) — V.(LF) over S which is compatible with A-
actions given by ®¥ and ®f". By [Pin, Proposition 3.6], any such morphism
admitting a two-sided inverse is compatible with G,-actions, and thus it
is induced by an isomorphism of Og-modules Lg — Lpr. We refer to a
morphism of Drinfeld modules with a two-sided inverse as an isomorphism.

Let S be a scheme over A and let E be a Drinfeld module of rank two
over S. Let
Ji(E) = af(t)®q+1 ® af(t)®_1 € Og(9).

Then j;(F) depends only on the isomorphism class of E.
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2.2. Drinfeld modular curves. Let C = Spec(A[Z]) be the Carlitz mod-
ule over A. It is the Drinfeld module of rank one with trivial underlying
invertible sheaf such that its A-action is given by

@?29—%7.

For any A-module schemes G and H over a scheme S, we denote by Isomy s(G, H)
the set of isomorphisms G — H of A-module schemes over S, and by
Fsoma,s(G,H) the functor over S associating with a scheme T' the set

ﬂsomA,s(g, H)(T) = ISOIIIA,T(g|T, H|T)

Let n € A\F, be a monic polynomial. For a scheme S over A and a
Drinfeld module F of some rank over .S, let

E[n] = Ker(®F : E — E).

It is a finite locally free A-module scheme over S. When S is over A[l/n],
it is also étale. For a finite group G, we denote by G the constant group
scheme associated with G.

Definition 2.3. Let S be a scheme over A[1/n] and let E be a Drinfeld
module of rank two over S. A I'(n)-structure on E is an isomorphism

a:(4/(n)? — En]

of A-module schemes over S.

It is known that the functor over A[1/n] associating with a scheme S the
set of isomorphism classes of pairs (E,a) of a Drinfeld module E of rank
two over S and a I'(n)-structure o on FE is representable by an affine scheme
Y (n) which is smooth of relative dimension one over A[1/n].

Definition 2.4. Let S be a scheme over A[l/n] and let E be a Drinfeld
module of rank two over S. A I'1(n)-structure on E is a closed immersion

A: Cn]|ls — Eln]
of A-module schemes over S.

By [Hat2, p. 81], the functor sending a scheme S over A[1/n] to the set of
isomorphism classes of pairs (E, \) of a Drinfeld module E of rank two over
S and a I'y(n)-structure A on E is representable by an affine scheme Y;(n)
which is smooth of relative dimension one over A[1/n].

Let A be a I'y(n)-structure on E. Then the A-module scheme E[n]/Im(\)
is finite étale over S and the functor

Isoma,s(A/(n), E[n]/Im(N\))

is represented by a finite étale (A/(n))*-torsor I(g 5y over S.
Consider the group

T (n) = {7 _ (CC‘ Z) € SLy(A) ‘ v = (é j) mod n},
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which acts on the Drinfeld upper half plane by ~(z) = gjj:g In order to

define a Hodge bundle on a model over A[1/n] of the compactification of the
curve T'1(n)\$, a level structure called a T'f(n)-structure is studied [Hat2,

§3]. It is defined as follows.

Definition 2.5. An h-level pair (n, A) consists of a monic polynomial n €
A\F, and a subgroup A < (A/(n))* satisfying the following conditions.

(1) n has a prime factor such that the degree of its residue field over F,

is prime to g — 1.

(2) The natural map A — (A/(n))*/Fy is an isomorphism.
Note that if n satisfies the former condition, then there exists A satisfying
the latter condition. The h in the term reflects its relationship with Gekeler’s
h-function, as we will see in §5.2 and §5.3.

Definition 2.6. Let (n, A) be an h-level pair. Let S be a scheme over A[1/n]
and let E be a Drinfeld module of rank two over S. A T'{(n)-structure on E
is a pair (A, u) of a I'1(n)-structure A on E and an element p € (I(g x)/A)(S).

Then the functor sending a scheme S over A[1/n] to the set of isomorphism
classes of triples (F, A, u) consisting of a Drinfeld module E of rank two over
S and a I'{(n)-structure (\, ) on E is representable by an affine scheme
Y2 (n) which is a finite étale [ -torsor over Y1(n). In fact, for the universal
object (Eyn, Aun) over Yi(n), we have

YlA (n) = [(Euny)\un)/A'

Let e € {¢J, A}. For any scheme S over A[1/n] and any Drinfeld module
E of rank two over S, we denote by [I'{(n)]g/s be the finite étale scheme
over S representing the functor over S associating with a scheme T the set
of I' (n)-structures on E|r.

2.3. Tate—Drinfeld modules. Here we recall the theory of Tate—Drinfeld
modules, following the exposition of [Boc, §2.2] and [Hat2, §4].
Let = be an indeterminate and let A((z)) be the Laurent power series ring

over A. Let
A {cpg <i> ae A} < A((@)).

Note that for any nonzero element a € A, we have

1 1
@g <x> € WA[[LE]]X

Define x
ean(X) =X H (1—> € X + X2 A[[=]][[X]].
acA\{0} .
Then ep(X) is entire with respect to the z-adic topology on A[[z]]. In
particular, for any element 5 of a finite extension L/K((x)), plugging in

X = [ defines an element ep () € L. Moreover, since A is stable under the
action of F* defined by z — ¢z, each coefficient of ex (X) lies in A[[z971]].
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We denote by e (X) the element of A[[z971]][[X]] satisfying ex (e (X)) =
ex'(ea(X)) = X. For any a € A, let

5 (X) = ea(®F (ey (X)) € Al[z*I[X]].

Then it is an element of A[[z91]][X] having the following description. For
K = F,(t) and an algebraic closure K (())22 of the Laurent power series
field K((x)), consider the subgroup

(2¢) 7' (M) = {y e K((x))™ | o7 (y) € A}.
Let ¥, < (®¢)71(A) be a complete set of representatives of

()~ (A)/M)\{0}.
Since A is a regular domain, the proof of [Boc, Proposition 2.9] is valid in
this case and we have

OMX)=aX [] <1— eAX(ﬁ)>

BeXa
Write
DN =0+ ay7 +aor?,  a; € A[z77Y]].
By [Hat2, Lemma 4.1], we have
(2.1) ay € 14+ 297 A[[z77Y]],  ag € 2 T A[[z77 )%,
Definition 2.7. The Tate-Drinfeld module TD(A) is the Drinfeld module

of rank two over A((z)) with trivial underlying invertible sheaf defined by

(IDtT D) _ ®}. By (2.1), it is obtained by the base extension of a Drinfeld
module TDY (A) over A((z971)) with trivial underlying invertible sheaf along
the natural map A((z771)) — A((z)).

For any A-algebra B, let

TD(A)/p := TD(A)|p(@)), TDY(A);p := TD"(A)|p((za-1))

be the base extensions along the natural maps A((z)) — B((z)) and A((z77 1)) —
B((x971)), respectively.

Remark 2.8. In [Hat2], it is assumed that the base ring Ry is flat over
A[1/n]. The flatness assumption is only used to assure the flatness of the
map A — Ry in the proof of [Hat2, (4.5)]. We can drop the assumption by
proving [Hat2, (4.5)] over A as above and then extend the base ring to Ry.

3. DuAL DRINFELD MODULES AND THE KODAIRA—SPENCER MAP

3.1. Biderivations and the de Rham module. In this subsection, we
recall the theory of biderivations due to Gekeler [Gek2, §3], following [PR,
§2].

Let S be a scheme over A. Let E be a Drinfeld module of rank two over
S. Let G =G, or C.
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Definition 3.1. (1) An (FE, G)-biderivation over S is an Fy-linear ho-
momorphism
d: A — Homp, 5(E,G), a—dq

satisfying the following conditions.

e 0y =0 for any A e IF,.

e Jup =<I)aGo(5b+5ao<I>5 for any a,b e A.
The F,-vector space of (E,G)-biderivations over S is denoted by
Der(E, G).

(2) The Fy-vector space of (E,G)-biderivations ¢ such that the map
0f wg — wg is zero is denoted by Derg(E, G).

(3) An (E,G)-biderivation 0 is said to be inner if there exists an ele-
ment f € Homp, ¢(E,G) satisfying 0 = &7, where d; is the (E, G)-
biderivation defined by

(0p)a = fo®; —®F o f
for any a € A. The Fy-vector space of inner (E, G)-biderivations over
S is denoted by Deriy(E, G).
(4) An inner (F,G)-biderivation 6¢ is said to be strictly inner if the

map f* : wg — wg is zero. The Fy-vector space of strictly inner
(E, G)-biderivations is denoted by Dergi(E, G).

The Fy-vector space Der(E, G) admits right and left A-actions defined by
(6%¢)g =0a0PE, (cx8), =D 04,
for any ¢ € A. Then the F,-subspaces of Der(E,G)
Derg(E,G) 2 Deriy (E, G) 2 Derg(E, G)

are stable under these A-actions, and two actions agree with each other on
the quotient Der(E, G)/Deri,(E, G) [PR, p. 412].
Note that we have an F -linear isomorphism

(3.1) Der(E,G) — Homp, 5(E,G), 6+ 6.
We identify these F,-vector spaces via this isomorphism. Moreover, writing
G = Spec(Og|Z]), we have an isomorphism of Og-modules
(3.2) @ £ - Homp, 5(E,G), 1 (Z—1).
mz=0

Suppose that S = Spec(B) for an A-algebra B. When G = G,, the
linear action of B on G, gives structures of B-modules on Der(E,G,) and

its IF;-subspaces defined above, which are compatible with the left A-action
0 — cxd.

Definition 3.2. We call the B-module
DR(FE, G,) := Derg(FE,G,)/Derg(E, G,)

the de Rham module of E. We denote by Hqr (E) the Og-module associated
with DR(E, G,) and refer to it as the de Rham sheaf of E.
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Under the identification via the isomorphisms (3.1) and (3.2), we have
isomorphisms of [F -vector spaces

@ E%_qm(S) — Derg(E, G),

m=>=1
(3-3) £279(S) = Dero(E, G)/Derin (E, G),
L2798y @ L7 (S) — Derg(E, G)/Derg(E, G)
and also an isomorphism of Og-modules
(3.4) L2791 L2T — Har(E).

Let R — B be a homomorphism of A-algebras and let D € Derg(B).
When the invertible sheaf Lg is trivial, write Lg = Ogl with some nowhere
vanishing section [ € Lg(S). Then the derivation D acts R-linearly on
Dery(E, G) by

D(bI® 9 4 o 4 5T := D(by)I® T+ -+ DB)I® T (b; € B).

Since D(b?) = 0 for any b € B, this is independent of the choice of a generator
[. By gluing, we obtain an R-linear map Vp : Derg(F,G) — Derg(FE, G).
For G = G,, the map Vp preserves the F,-subspace Derg(E, G,). Thus we
obtain an R-linear map

Vb : DR(E,G,) — DR(E, G,).

3.2. Dual Drinfeld modules. Let B be an A-algebra and let S = Spec(B).
Let E = (Lg, ®¥) be a Drinfeld module of rank two over B. Write

(I)F = 9+O¢1T+C¥27‘2, OziGE%l_ql(S).

Then Taguchi defined a dual EP of E, which is a Drinfeld module of rank
two over B [Tag, p. 578]. In fact, Papanikolas-Ramachandran [PR, p. 415]
showed that the dual EP represents the functor

(B-algebras) — (A-modules), B’ — Dero(E|p/,C|p/)/Derin(E|p,C|p).
Then (3.3) gives an isomorphism of F,-vector space schemes over B
Vi(L2 1) — EP.
Under this isomorphism, the A-action on EP” is given by
(3.5) OE” - ® a1 4 a$ 72,
By [Hatl, Lemma 2.21], we have isomorphisms of B-modules
Deriy(E, G,)/Derg(E, G,) — Lie(E)Y = wg,
(3.6) Lie(EP) — Derg(E, G,)/Deriy(E, G,).
Write G, = Spec(B[Z]). Then the former is induced by composing the map
Deriy(E,G,) — Homp(Lie(E), Lie(Ga)), 6 — Lie(f)
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and the isomorphism dZ : Lie(G,) — B. For the latter, consider the scheme
of dual numbers S. = Spec(B[e]/(e?)). We have
Lie(EP) = Ker(EP(S.) — EP(9))

and any element & € Derg(FE|s,,C|s.) can be written as § = 6° + e§! with
§° € Derg(E,C) and 6 € Derg(E,G,). Then the latter map of (3.6) is
induced by § — §1.

The maps of (3.6) yield an exact sequence of B-modules

(3.7) 0 —wg — DR(E,G,) — Lie(EP) — 0,

which is split since the B-module Lie(EP) is locally free.
For any homomorphism of A-algebras R — B and D € Derg(B), the
maps of (3.6) give the R-linear map

mp : wi — DR(E, G,) 8 DR(E, G,) — Lie(EP),
which is in fact B-linear. Hence this yields a B-linear map
KSg/B/r : Derg(B) — Homp(wg, Lie(EP)) = w} ®p Lie(EP)

which is called the Kodaira-Spencer map for E [Gek2, (6.6)].
Suppose that the B-module Q}B /R is finite locally free. Then, by double

duality, we have a natural isomorphism of B-modules
QJIB/R — Homp(Derg(B), B).
Hence, by taking the B-linear dual, the map KSg/p/r defines a B-linear
map
KSﬁ/B/R twg ®p wpp — Q}B/R.
Moreover, let B’ be a formally étale B-algebra, so that the natural map

B' ®p Q}S /R ™ Q}S, /R is an isomorphism. This induces an isomorphism of

B’-modules
Derr(B') - B'®p Derg(B), Dl +— 1®D

satisfying (D|p/)(b) = D(b)|ps for any b € B. Then we have the natural
commutative diagram

1®KS}VE/B/R , 1
(38) wE|B/ ®B’ wED]B/ B ®B QB/R
t il
1
wWEg ,®B’ Wg|D QB’ R
P2 1= S /

where the vertical arrows are isomorphisms.
Similarly, for any homomorphism R — R’ of A-algebras and Br := R'®g
B, we have a natural isomorphism of Br-modules R’ ®g Q}B/R — Q}BR//R"
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Then this induces the natural commutative diagram with isomorphic vertical
arrows

1OKS 51 ) - )
(3.9) wE]BR, ®BR’ L«JED‘BR, Br ®p QB/R%R ®RQB/R
l l?
1
wE‘BR/ ®BR/ wE|gR/ KS QBR//R/'

\
/
BB /B /R

3.3. Case of trivial underlying invertible sheaf. Let us give an explicit
description of the Hodge filtration (3.7) when Lg is trivial and S = Spec(B).
Let [ € LE(S) be a nowhere vanishing section, so that we have Lp = Ogl.
Then E%_l = 051®~! with the dual basis [®7! of I. We have an isomorphism
of Og-algebras
Os[X] = Symg (L), X — 187"

Similarly, we also have an isomorphism of Og-algebras

Os[Y] — Symp, (£E9), Y — (%4,

They induce Ga-equivariant isomorphisms of Fg-vector space schemes over

S
(3.10) E =V.(Lp) — Spec(Os[X]), EP =V.(LE?) — Spec(Os[Y]).
Using these maps, we identify as E = Spec(Os[X]) and EP = Spec(Os[Y]),
respectively. Write _
a; = a;l® 7 (a; € B).
Then the isomorphisms (3.10) enable us to identify ®f and <I>tED as
OF = 0+ ajT + ayr?, @,{ED =0 —aja, 't +a,ir%

For G = G, or C, write G = Spec(Og[Z]). Under the isomorphism (3.2),

the relative ¢g-th power Frobenius map
7= (Z — X% e Homp, 5(E,G) ~ (P L7 (5)
m=0

corresponds to [¥79. Since (3.10) yields dX = [®~! and % = [¥79, we may

write

(3.11) wg = 0OgdX, Lie(ED) = 05%, Har(E) = OsT@OsTQ.

Then the exact sequence (3.7) equals

0 BdX —>Br@®Br? "> B 0.

By the description of (3.6), the maps 7 and 7 in this sequence are given
as follows. Consider the map

id: E — G, = Spec(B[Z]), Z— X.
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Then i(dX) equals the class of d;q, where djq is the inner biderivation satis-
fying (8;q); = id o ®F — @?"‘ oid. Namely, we have

(3.12) i(dX) = ay7 + apr?

On the other hand, let bi,by € B and § = by + by7?. Let S. =
Spec(B[e]/(g?)). Then the element

7(8) € Lie(EP) = Ker(EP(S.) — EP(9))

is given by the class of the biderivation (¢ — ed) € Dero(E|s., C|s.) modulo
Derin(E|s.,C|s.). Since

cay tho(0 + a;T + agr?) — (0 + 7)(cay 'ha) = e(ay tarbot + bat?),

the class agrees with that of (b — a;lalbg)r Since this corresponds to the
element

cay H(aghy — arhe)I®79 € V. (L979)(S:) = EP(S.),
under the identification (3.10) we obtain

d
(3.13) W((S) = a;l(ale — albg)ﬁ.

4. EXTENSION TO THE COMPACTIFICATION

Let (n,A) be an h-level pair. Let R be an A[l/n]-algebra which is an
excellent regular domain.

4.1. Compactification of Drinfeld modular curves. First we recall the
definition of the compactification X{(n)g of Y;*(n)g and its description
around cusps, following [Hat2, p. 85 and §5].

Let EA = (£A,®%%) be the universal Drinfeld module over Y2 (n)g,

which is the base extension of the universal Drinfeld module E,, over Y1 (n)g
by the natural projection Y{*(n)g — Yi(n)g. Consider the morphism

jo: Vit (g — Ap = Spec(R[j]), 5 — ju(Ew)-
We define the compactification X{*(n)p of Y{*(n)g by the normalization
of PL in Y{*(n)g along the morphism ji. Then it is known [Hat2, p. 85
that the morphism X{(n)g — Spec(R) is smooth of relative dimension one
with geometrically connected fibers. Moreover, the smoothness implies that

the formation of X{(n)g is compatible with any base extension R — R’ of
excellent regular domains over A[1/n].

— A
Define a scheme Cuspsp by the cartesian diagram

(4.1) Cuspsp XA (n)n

| |

Spec(R[[1/4]]) — P}.
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Since (2.1) implies j;(TDV(A) /) € w19 R[[2771]]*, we have an isomorphism
y” : So.r = Spec(R((z771))) — Spec(R((1/4))), j = je(TD"(A)/g).

— A
Then we can show that Cuspsy, is isomorphic to the normalization of Spec(R[[2971]])

in a scheme YlA(n) So.r defined by the following cartesian diagram

YlA (n)SO,R YlA (n)R

| |

So,R TNV) Spec(R((1/4))) Ag.

For e € {7, A}, write
[FT(W)]rp7 /R = [FT(M)]TD7 (A) 2 /Spec(R((za-1)))
(LY (W)]rp/R = [FT(M)]TD(A) 2/Spec(R((2))) -
By [Hat2, Lemma 3.4], we have
(4.2) Fy = Auty p(ga-1y)(TD" (A) /),

where the symbol on the right-hand side denotes the group of A-linear auto-
morphisms over R((z%~1)). This group acts on [I'y (n)]1pv/R and [FlA(n)]TDV/R
by

[c](TDY(A)|r, A) := (TDY(A)|r, ),
[C] (TDV (A)‘T’ A, H) = (TDV(A)|T7 cA, C:u)
for any scheme T" over S and any c € .

Moreover, for any ce F, let

g : R((2)) = R((2)), @~ c 'z
This defines an action of F;* on Spec(R((x))) over R((z¢"')). By [Hat2,
Lemma 5.1], we have an [F-equivariant isomorphism of schemes over R((x971))

(4.3) [L1(W)]rp/r = [L1(0)]rpe /7% A((@e-1))SPec(R((2))) — [T ()] rp7/5,

where F* acts on the source diagonally.
The natural morphism

A A
TV : [Tf (”)]TDV/R — Y (n)p
is F-invariant, and it induces an isomorphism of schemes over R((z47"))

[PlA(n)]TDV/R/F; - YlA(n)So,R‘
Let Z2 be the normalization of Spec(R[[z97!]]) in [FlA(n)]TDv/R. Then

the FF;-action on [FIA(U)]TDV/R extends to Z5. By [Hat2, Lemma 5.2], the
action is free, and the isomorphism above induces a natural isomorphism

over R[[z771]]

— A
(4.4) Zg /FY — Cuspsg.
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By composing the natural projection, we obtain a morphism
_—— A
gV . zZ8 ZI%/IF; — Cuspsp — X£(n)g.

We denote by Cusps% the closed subscheme of @2 defined by 1/ =0
with the reduced structure. By [Hat2, Theorem 6.3], we know that Cusps%
is a closed subscheme of X{*(n)r which is finite étale over R and thus it
defines an effective Cartier divisor on X (n)x.

Lemma 4.1. Let R — R’ be a homomorphism of excellent regular domains
over A[1/n]. Then we have natural isomorphisms

A — A A~
Cuspsp — Cuspsy X g Spec(R'), Cuspsﬁ, — Cusps% x r Spec(R/),

— A
where Cuspsp X g Spec(R') denotes the affine scheme defined by the (1/7)-
——A
adic completion of the affine ring of Cuspsp X g Spec(R').
Proof. This follows in the same way as [KM, Proposition 8.6.6]. Since

— A
Cuspsy, is finite over Spec(R[[1/7]]), the former assertion follows from [FK,
Exercise 0.7.9] and the cartesian diagrams

— A

Cuspsp

—— A
Cuspsp x g Spec(R') X&) g

| |

Spec(R'[[1/4]]) — Spec(R[[1/4]]) x r Spec(R') Pl

Since the closed subscheme Cusps x g Spec(R’) of X (n)p ~ X (n)g xg
Spec(R’) is finite étale over R', it is reduced. Thus it agrees with Cusps%,
as a subscheme and the latter assertion follows. O

4.2. Modification at cusps and an extension of the de Rham sheaf.
Write

P}% = [FlA(n)]TDV/R = Spec(BI%), Z}% = Spec(@]%),
where B% is a finite étale R((z971))-algebra and %% is a finite torsion-free
R[[291]]-subalgebra of B}%- These rings are equipped with natural actions
of the group F via (4.2) which are compatible with each other. We denote
the actions of c € F on these rings by [c].

Let F be a finite locally free sheaf on Y/*(n)g. Let M be the finite
locally free BS-module associated with (T7)*F. Then the B2-module M
is equipped with an F-action covering the action on Bé. For ce F7, we
denote the action by

Oc: [c]*M — M.

Definition 4.2. Let F be a finite locally free sheaf on Y{*(n)r. Let M be
the finite locally free Bl%-module associated with (7TV)*F. A modification
of F at cusps is a finite locally free %‘ﬁ—submodule A of M such that
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M ®z4 BS = M and for any c € Fx, the map 0. sends [c]*.# to .4 .
It follows that the induced map 6. : [c|*.# — .# is an isomorphism and
defines an action of F covering that on %ﬁ.

Let Cr be the category defined as follows.

e An object of Cg is a pair (F,.#) of a finite locally free sheaf F on
Y2 (n) g and its modification at cusps ..

e A morphism (F, #) — (F',.#') is a pair (f,g) of a morphism of
(’)YIA(H)R—modules f:F — F and a #5-linear map g : A — M’
satisfying ((TV)*f)|.x = g- Then it follows that g is F, -equivariant.

We say that a sequence (F, . #) — (F', . #") — (F", . #") in this category is
exact if the sequences F — F' — F" and A4 — H' — 4" are exact.

For any homomorphism R — R’ of excellent regular domains over A[1/n],
we have a base extension functor Cr — Cprs defined by

(Ftl) = (Flyamy o4 @pa Bry).

n)Rﬂ

Lemma 4.3. The functor from the category of finite locally free sheaves on
X{£(n)g to Cr defined by

F = (Flypmp: (Z7)*F)

is an exact equivalence of categories with an exact quasi-inverse. Moreover,
this functor is compatible with the base extension along any homomorphism
R — R’ of excellent reqular domains over A[1/n].

Proof. Let us prove the first assertion. By [Mum, §12, Theorem 1 (B)],
the category Cg is equivalent to the category Cj of pairs (F,G) of a finite

locally free sheaf F on Y*(n)r and a finite locally free sheaf G on (TL‘ls\psg
which agree with each other on YlA(n)SOT r- Since the equivalence is given
by the pull-back along the quotient map by a free action of Fy, it is exact.
Moreover, since the order of the group F; is invertible in R and the quasi-
inverse is given by taking the FFj-invariant submodule, the latter is also
exact. Thus we reduce ourselves to showing that the functor

(4.5) F (]:|Y1A(n)va\C/uS\psg)

from the category of finite locally free sheaves on X{*(n)g to C}, is an exact
equivalence of categories with an exact quasi-inverse.

Consider the finite map j; : X (n)gr — PL and the open subscheme
Spec(R[1/5]) of PL. Write the restriction of X (n)r to this open sub-
scheme by Spec(B). Since the morphism j; : Y;*(n)g — Spec(R[j]) is flat,
the element 1/j € B is a nonzero divisor. Furthermore, the finiteness of
Jj¢ implies that the affine ring of Cllls\psé is identified with the (1/j)-adic
completion B of B and that of Y;®(n)s, , with B[1/(1/7)]. Thus the descent
lemma of Beauville-Laszlo [BL, Théoféme} shows that the functor (4.5) is
an equivalence of categories.
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For the exactness, since we are assuming that R is excellent (in particular,
Noetherian), the map B — B is flat and the functor is exact. The exactness
of the quasi-inverse follows from [Sta, (15.91.16.1)] and the snake lemma.
The compatibility with base extension follows from the commutative dia-
gram

Zh ——= XPm)p ~— Y (g

L] |

Zp —= XP()p=——Y{()r.

Define the Hodge bundle on Y{*(n)g by
wiy, 1= Cot(ER) = (L)Y

Its extension to X{*(n)g is defined in [Hat2, Theorem 5.3 (2)]. Here we
briefly recall the construction, using Lemma 4.3. Over the scheme 771% =
Spec(B}%), we have the canonical isomorphism

(4.6) TDY(A)[ps — Eidlpa.

Moreover, under this isomorphism, the pull-back of the Hodge bundle to 73]%
agrees with the coherent sheaf associated with

Cot(TDY(A)pa) = BRdX,

and the action of c € F via (4.2) is given by dX + cdX covering the action
on B}%. Hence its ,%’]%—submodule %’ﬁdX is a modification of w5, at cusps,

and thus Lemma 4.3 yields an invertible sheaf @2 on X{(n)r extending
A

Wiy
Next we define an extension of the de Rham sheaf

HdAR,un = HdR(Eﬁl)

on YA (n)g to XP(n)g. A similar extension is given by Gezmis Venkata
[GV, Definition 7.5] in the case of full level.
Consider the exact sequence (3.7) for the Tate-Drinfeld module TDY (A)| Ba

over P& = Spec(B%). As in (3.11), we write

M :=DR(TD"(A)|a. Ga) = BST @ B&T2.
By (3.12), we have
(4.7) dX = a7 + ap7? € BT ® BST2.

On the other hand, by [Hatl, Lemma 4.1], we have
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Following [Gek2, p. 247], consider the element of DR(TD(A) g, Ga) defined

by
22 das
—_ X
(V_x2ddx + a d(E> (d )7

which is identified with
(4.8) n = —22l(z)T € R((x))T ® R((x))r%

By the isomorphism (4.3), the natural map R((z971)) — B factors through
R((z)) and the Tate-Drinfeld module TDV (A)| pa agrees with the base ex-
tension of TD(A) g to BS. We denote the pull-back of 7 via this map also
by 7.

Since %% is defined as the normalization of R[[z971]] in B%, (4.3) also
implies that the map R[[x?~!]] — %45 factors through R[[z]]. Hence

(4.9) i) € Rl = (BR)".

This shows that the elements dX and 7 form a basis of the free B]%—module
M = DR(TD"(A) s, Ga).
Now we define a e%’}%—submodule M of M by

M= BRAX ® B

For any ¢ € F, consider the map . : [¢]*M — M. Since a; € R[[z?']] for
i = 1,2, we see that the element m% € R((z)) is F;-invariant. Moreover,
the element 7 € Homp, r((x))(TD(A) /g, Ga) is given by Z +— X7 and, as an
automorphism of TD(A),r over R((x)), the action of ¢ sends 7 to er. Since
(4.3) shows that the map R((z)) — B is [ -equivariant, we have

6.([c]*dX) = cdX, 6c([c]*n) = n.

This implies that .# is a modification of H(%R’un at cusps. By Lemma 4.3,
we obtain a finite locally free sheaf H4, . on X (n)g extending Hi; .-

5. AUTODUALITY AND THE HODGE BUNDLE

Let (n, A) be an h-level pair and let R be an A[l/n]-algebra which is an
excellent regular domain.

5.1. F-finiteness and formal étaleness around cusps. Recall that an
F)-algebra R is said to be F-finite if the p-th power Frobenius map F': R —
R is finite. When R is an F,-algebra, it is the same as saying that the g-th
power Frobenius map o : R — R is finite. Examples of F-finite F,-algebras
include A, perfect rings and complete discrete valuation rings whose residue
field has a finite p-basis. If R is F-finite, then any R-algebra of finite type
and the localization of R by any multiplicative subset are F-finite.
The following lemma can be proved as [Sta, Lemma 110.44.4].



ON AUTODUALITY OF DRINFELD MODULES 19

Lemma 5.1. Let R be an F-finite excellent Fp-algebra and let z be an
indeterminate. Then the natural map

L R[z] = RI[[#]]
is formally étale. In particular, we have an isomorphism of R[[z]]-modules

R[[2]ldz = R[[2]] ®r:] Qrpyr = Qr(q)/R-

Proof. Tt is enough to show that ¢ is formally unramified and formally
smooth. For the former, note that the image F'(R) of the map F': R — R is
a subring of R. By the assumption that R is F-finite, [Sta, Lemma 10.96.12]
implies that R[[z]] is also F-finite. Let fi,...,f, be generators of the
F(R[[#]])-module R[[z]]. Write any element f € R[[z]] as f = >,_; hl'fi
with some h; € R[[z]]. Then it follows that

T
df =Y hidf;,
i=1
which implies that Q%z[[z]] /R[+] Is a finite R|[[z]]-module. On the other hand,
for any integer n > 0, write

f=P,+2"fn (PneR|z], fneR[[z]]).
Then we have df = z"df,, in Q’}Z[[z]] R[] for any n. Namely,

af € [ =" Ueipymper
n=0
Since R|[[z]] is Noetherian, Krull’s intersection theorem [Sta, Lemma 10.51.5]
implies df = 0. Since f is arbitrary, this means Q%z[[z]] R[] = 0 and thus
the map ¢ is formally unramified.

Let us show the formal smoothness. Since R is excellent, the ring R[z]
is also excellent and by [Sta, Lemma 15.50.14], the map ¢ is regular. By
Popescu’s theorem [Sta, Theorem 16.12.1], it is a filtered colimit of smooth
maps. Since the formation of naive cotangent complexes is compatible with
filtered colimit [Sta, Lemma 10.134.9], the formal smoothness of ¢ follows
from [Sta, Proposition 10.138.8] and Q'}Z[[z]]/R[z] =0. O

Corollary 5.2. Let R be an A[l/n]-algebra which is an F-finite excellent
regular domain. Then the natural morphisms

— A
v: Cuspsp — X2 (n)g,
T Z}% - X1A(“)R7 TV : [FlA(n)]TDV/R - Y1A(“)R
are formally étale. In particular, we have isomorphisms

* )l 1
Y] -0
X{P(mr/R Cuspsﬁ/R’

1 1 1 1
(T U amur = Yage T Daer = Vo /p
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Proof. By Lemma 5.1, the map R[1/j] — R[[1/j]] is formally étale. Then
the assertions on ¢ follows from the cartesian diagram (4.1) and [Sta, Lemma
37.11.11]. Since the action of Fy on Z}% is free, the natural projection
zZ8 — Z}%/F; is étale. Hence the assertions on 7V follow from (4.4).
Those on TV follow by inverting 1/;. O

Remark 5.3. Let Ry be an A[1/n]-algebra which is an excellent regular
domain. As in [Hat2, §6, p. 94|, let R, be the domain generated over Ry
by a root of the n-th Carlitz cyclotomic polynomial, which is a finite étale
Rp-algebra. By [Hat2, Lemma 6.2], the base change of [FlA(n)]TDV/RO along
the finite étale map Ry — R, is a finite direct sum of schemes of the form
Spec(Rn((w))) with some indeterminate w.

The proof of [Hatl, Corollary 4.2] seems to have gaps. Firstly, in order
that we have a natural map Y(n)gp — Y{*(n)g, we need to assume that
C[n]|r is isomorphic to A/(n). Thus, at the beginning of the proof, it is
necessary to extend the base ring from Ry to R,. (The author thanks Paola
Chilla for pointing out this issue.)

Secondly, it is claimed in the last paragraph of [Hatl, p. 22| that the pull-
back of the map [Hatl, (4.4)] to Rn((w)) is identified with a similar map for
a Tate-Drinfeld module over R,((w)). However, the target of the pull-back
map is

(Rn((W)) ®B}%n (Tv)*ﬂ%ﬁA(n)Rn/Rn)®q_l

and it is not necessarily isomorphic to (Q}%n (w))/ R“)®q

When Ry is F-finite, the étaleness of the map B]%n — Ry((w)) and Lemma
5.1 show

Ba((w) @5 (T7)* ) s, = Bal(0) @ Qs = Qg (uym,

and the issue is resolved.

By the compatibility with the base extension of Lemma 4.3, the formation
of the Hodge bundle aﬁ1 is compatible with any base change of excellent
regular domains over A[1/n] (see also [Hat2, Theorem 5.3]). Since the ring
A[1/n] and finite A[1/n]-algebras are F-finite, the proof of [Hat1, Corollary
4.2] is valid with the following fix: we show it over A[1/n] (by adding a root
of the n-th Carlitz cyclotomic polynomial for the first issue) and then extend
the base ring to Ry.

Remark 5.4. The proof of [Hat2, Theorem 6.3 (3)] needs a similar fix
to Remark 5.3. There it is allegedly proved that the pull-back of the
1
sheaf QXlA(n)RO/RO
G -module generated by dz/x?. However, in the proof it is implicitly

R,
assume(i that

— A
(2Cusps%0) by the map ¢ : Cuspsp, — X{*(n)g, is a free

*0)1 ~ 1
* Vb g Ro Qci@sio/Ro’ nd
* Qo ftuiyr, = Fallw]ldw.
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Thus, in order to show [Hat2, Theorem 6.3 (3)], we need to assume that
Ry is F-finite, in which case the proof in [Hat2] is valid since both of the
assumptions above hold by Lemma 5.1 and Corollary 5.2.

This correction does not affect [Hatl], since [Hat2, Theorem 6.3 (3)] is
used in that paper only when the base ring Ry is F-finite. On the other
hand, it does not seem that the assumption of F-finiteness of Ry can be

dropped by a base extension argument, since the formation of Q! _ .
Cuspsg,, /Ro

is not necessarily compatible with any base extension.

5.2. Autoduality of Drinfeld modules. Let h(z) be Gekeler’s h-function
[Gekl, Theorem 5.13]. It is a Drinfeld modular form of level GLy(A), weight

g + 1 and type one. It is known that for the discriminant function go(2)
(which is denoted by A(z) in [Gekl]), we have

(5.1) h(2)471 = —go(2).
Moreover, [Gekl, Theorem 6.1] shows that, for a Carlitz period 7 and the
parameter at the infinity

1
72 [ Toeagoy (1= 2)
the h-function has a u-expansion at the infinity of the form

h(z) = u(z) + Z apu(z)", an € A.

n=2

u(z) =

Note that the Co-vector space of Drinfeld modular forms of level I';(n)
and weight k is identified with

HO(X{ (n)e,, (@) ")

un
(see [Hatl, p. 26]). The discriminant function go(z) corresponds to an el-
ement of this space defined by the rule associating with a triple (E, X, u)
consisting of a Drinfeld module E of rank two over a scheme S and a T'{(n)-
structure (), ) on it the section o (t) e wflEQ*l(S).
Moreover, for any element f of this space, let fo(u) be the u-expansion

at the infinity of the corresponding Drinfeld modular form. For the co-cusp
x5 Spec(Cyp[[z]]) — X (n)c,, [Hat2, p. 93], write

Fop () (dX)®% = (252)" f
with some Fi,(z) € Cyp[[x]]. Then we have fo(u) = Fyo(u). Therefore, by
the z-expansion principle [Hat1, Proposition 4.8 (i)] and (5.1), the h-function

defines a section
b e HO(XT (0) ap/ms (@5)2)
satisfying
A
(5.2) H®IL = —ay(t).

In particular, b is nowhere vanishing on Y{*(n) A[1/n]-
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As mentioned in [Hat1, Remark 2.20], this gives an autoduality of Drinfeld
modules of rank two admitting a T'®(n)-structure.

Theorem 5.5. Let S be a scheme over A[l/n]. Let E = (Lg, ®%) be a
Drinfeld module of rank two over S with a TP (n)-structure (\,p). Then
there exists an isomorphism

of Drinfeld modules over S.

Proof. The isomorphism class of (F,\,u) defines a morphism f : S —
YlA(n)A[l/n]. By the relation (5.2), the element f*h e E%_l_q(S) is nowhere
vanishing on S and satisfies

(5.3) (D) = —af (1) € LZ7(S).
Then the isomorphism of Og-modules
Lp— LY, 1—1® f*h
gives an isomorphism of F,-module schemes
AD (g E = Vi(LE) - Vi(L9Y) = EP.
By (3.5), we see that it is A-linear. This concludes the proof. O

By Theorem 5.5, we also have an isomorphism of Og-modules

(5.4) AD{pg p twpp = L3 — L& =wp, 1 1® f*h.
Lemma 5.6. Let b € BI% be any element satisfying b1 = —ay. Then we

have b e x(B%)*.
Proof. In the R((z971))-algebra B%, (2.1) implies
(ac_lb)q_1 = —z'%ay € R[[z771]]*.

Since %4 is defined as the normalization of R[[z971]] in BS, we have 27 !b €
(#2)". 0

Corollary 5.7. For the map TV : 771% = Spec(BI%) — Y2 (n)g, write
(TV)*h = b (dX)®1* by, € BE.
Then we have b(,];l = —ay and by, € o(AB)*.

Proof. By (4.6) and the relation (5.3), we have b‘f;l = —ay. Then Lemma
5.6 concludes the proof. O



ON AUTODUALITY OF DRINFELD MODULES 23

5.3. Relationship between autoduality and I'{*(n)-structures. Here
we give an intrinsic construction of the Drinfeld modular curve Y{*(n)r
which leads to a more direct proof of Theorem 5.5. The content of this
subsection will not be used in the rest of the paper. We denote the fiber
product and the tensor product over I, by x and ®, respectively. We use
the notation and definitions from [Béc, §7].

Definition 5.8. Let S be a scheme over A and let E = (Lg, ®F) be a
Drinfeld module of rank two over S. An h-structure on E is a section
H e £S779(S) satisfying

H® = —af (1),

If an h-structure H on E exists, then the section H is nowhere vanishing
and the invertible Og-module E%)_l_q is trivial.

Let Euyy = (Lun, @) be the universal Drinfeld module over Yi(n)g.
Then the element a2 (t) € 8- (Y1(n)) defines a section
az : Vi — Va(£577).
Consider the morphism of schemes over Y;(n)r
Va(LETTN) - Va7, 1o

Define a scheme Y{*(n)g by the cartesian diagram

Y{'(n)r Yi(n)r

ok

Vo (L8770 - v, (L8,

Then Y{*(n)r represents the functor over Yi(n)g defined by
S e {H € (£3717905)() | HT = —afoe(1)]g).
The group F acts on Y/*(n)g over Yi(n)g by
[c](H)=c'H (ce Fr).

This makes Y/*(n)g a finite étale F‘-torsor over Y1(n)g.

For any scheme S over A and any Drinfeld module E of rank r over S,
the Og-module

Homz, s(B,G,) = P £5 "
m=0

is endowed with the right A-action via ®¥. We denote by M(E) the
associated 7-sheaf over A on S [Boc, Example 7.7 (b)]. It is a locally
free Ogyspec(a)-module of rank r such that, for the first projection pry :
S x Spec(A) — S, we have

(prl)*M<E) = %qu,S(Ea Ga)-
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Moreover, it is equipped with an Ogygpec(a)-linear map 7 : (o5 x1)* M(E) —
M(E) induced by

Homp, 5(E,G,) D — somy, 5(B,G,), 1®f 7o f.
We denote by

,
D(E) :== \ M(E)
the exterior power of M(E) as an Ogygpec(a)-module. We consider D(E)
as a T-sheaf with the map A" 7.
_1=d"
Lemma 5.9. The 7-sheaf D(E) is isomorphic to pr’{ﬁ% 79 with the T-
structure

(=1)7(0 = t)pri (o (¥~ '7).

Proof. Let U < S be an affine open subscheme such that Lg|y is triv-
ial. Write Lg|U = Oyl with some nowhere vanishing section [. Then
M(E) | xspec(a) 18 a free Oy gpec(a)-module generated by

—1 _ _,r—1
(®-1®=a @

Hence we have

r

1—
I

D(E)|U><Spec(A) = OUXSpeC(A)

and, if we write o (t) = ¢.1®'~9" with some g, € O(U)*, then its T-structure
is given by

1—q"

(ov x 1)FIP7 5T o (<1)7 (0 — t)pr (g )I® 7

Then the trivialization

.
<pr’1"£E 1ma )

gives an isomorphism

_1=4"
(pr’f 5 )
E
1—qr

1—g”
pri‘l®_ﬁ — &7 T

o 1=0"
= OpxSpec(A)Pril- -1
U xSpec(A)

- D(‘E)|U><Spec(A)v
U xSpec(A)

which glues to yield an isomorphism of 7-sheaves as claimed. ([
For the Carlitz module C, its associated 7-sheaf is given by
M(C) = Ospec(ayxSpec(a), T(1) =1t —10.

Lemma 5.10. Let S be a scheme over A and let E be a Drinfeld mod-
ule of rank two over S equipped with an h-structure H. Then we have an
isomorphism of T-sheaves over A on S

v : D(E) = M(Cls)

satisfying viq ) = cvm for any ce F.
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Proof. Multiplying H®~! induces an isomorphism of Ogxspec(a)-modules
vg pr’lk'c%)_l_q - pI'TOS = OSXSpec(A) = M(C‘S)

Lemma 5.9 shows that it is an isomorphism of 7-sheaves. Since vy (priH) =
1 and V[C](H)(c_lpri‘H) =1, we obtain vj) = cvi. O

The following lemma can be shown in the same way as [Boc, Proposition
7.19].

Lemma 5.11. Let B be a Noetherian normal A[l/n]-algebra and let E =
(Lg, ®F) be a Drinfeld module of some rank over S = Spec(B). Then we
have a natural isomorphism

E[n] — Aoma(M(E)/aM(E))st, A/(n))

of étale sheaves of A/(n)-modules on S, where (—)¢ is the A-linear functor
attaching an étale sheaf to a T-sheaf [Boc, Definition 7.16].

Proof. For any étale ring map u : B — B’, we have a natural map
E[n](B") — Hom, 4 g (u*M(E) /nu* M(E), Homg, (A/(n), B')),
e (f = (a— (f(ae)))).

Here Hom, 4 g denotes the group of (B’ ® A)-linear homomorphisms com-
patible with 7 and the 7-structure on the ring B’ is given by the ¢g-th power
Frobenius map.

Note that we have isomorphisms of (B’ ® A)-modules

A/(n)® B — Homg,(A/(n),Fy) ® B — Homg, (A/(n), B,
where the left one is induced by the perfect pairing
A/M)®A/(n) > TF,, (amodn,bmod n)— Resy(n 'abdt).
Since B is Noetherian and normal, so is B’ and we can write
B =[[B; Hl<+w
i€l

with some normal domain Bj. This implies that the 7-invariant subring of

B’ equals
(B/)T = HFq
el
and we have (A/(n) ® B')™ = A/(n)(B’). Thus we obtain a map of étale
sheaves

E[n] — Aoma(M(E)/aM(E))si, A/(n)).

Since [And, Proposition 1.8.3] shows that it is isomorphic at any geometric
points, the lemma follows. O

The following proposition gives a Weil pairing valued in C[n] for a Drinfeld
module E of rank two admitting an h-structure. Over Cg,, the observation
that we can define such a Weil pairing using Gekeler’s h-function as an
h-structure also appeared in [Bre, §4].
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Proposition 5.12. Let B be a Noetherian normal A[l/n]-algebra and let
= (L, ®F) be a Drinfeld module of rank two over S = Spec(B). Let H
be an h-structure on E. Then we have an isomorphism

fu: /\ Eln]

of étale sheaves of A/(n)-modules on S. For any c € ¥y, it satisfies

(5.5) fiam = ¢ fa.
Proof. Applying Lemma 5.11 to the Carlitz module C, we have an isomor-
phism
¢c : Cn][p — Homa(M(C|)/mM(C[B))er, A/ (1))
of étale sheaves of A/(n)-modules on S.
On the other hand, since the functor (—)g commutes with the exterior
power over A/(n) [Boc, Theorem 7.18] and the formation of exterior power

commutes with taking the linear dual, the isomorphism of Lemma 5.11 in-
duces an isomorphism

2
0p : J\ Eln] = #oma((D(E)/nD(E))a, A/(n))

of étale sheaves of A/(n)-modules on S. Composing these isomorphisms with
the induced map by vy of Lemma 5.10, we obtain an isomorphism

fr =g o (Vi) odp: /\E — Homa((D(E)/nD(E))&, A/(n))
— Hom A(M(C|)/aM(C|B))et, A/(n))
— C[nls

of étale sheaves of A/(n)-modules on S.
Moreover, for any c € F, Lemma 5.10 also implies

fielny = ¢¢' (VE;](H))il 0bp = ¢ o(cvly) todp =ctfu.
This concludes the proof of the proposition. 0

Corollary 5.13. Let B be a Noetherian normal A[1/n]-algebra and let E =
(LE, ®F) be a Drinfeld module of rank two over S = Spec(B) equipped with
a I'y(n)-structure X. Let H be an h-structure on E. Then we have an
isomorphism

pr 2 A/(n) — E[n]/Tm(})

of A-module schemes over S. For any c € F, it satisfies
(5.6) [ = CILH-
Proof. The I'j(n)-structure A : C[n]|p — E[n] induces an isomorphism

g: /\E ]| ®a/(m) (E[n]/Im(A))
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of étale sheaves of A/(n)-modules on S. With the isomorphism fz of Propo-
sition 5.12, this gives an isomorphism

go fi': Clnlls = Cnl|B ®a/(w) (E[n]/Im(N)).
Note that we have an isomorphism
Cln]lB ®a/w) #0oma(Cln]|, A/(n)) — A/(n)

of étale sheaves of A/(n)-modules over S. Then, twisting by the étale sheaf
Hom A(C[n]|g, A/(n)), we obtain an isomorphism

pr = (g0 fr')(=1) : A/(n) — E[n]/Im(X).

Moreover, for any c € F, (5.5) yields

pe ) = (g° f[Z]I(H))(—l) =(go(c " fu) )(=1) = cun.
This concludes the proof. O
Theorem 5.14. We have an isomorphism
J* YR — Y ()R
of schemes over Yi(n)g.

Proof. Since the affine ring of Y;(n)g is Noetherian and normal, so is that
of Y{*(n)g. For the universal object (Eyup, Aun) over Yj(n)g and its universal
h-structure Hy, over Y{*(n)g, Corollary 5.13 gives an isomorphism

[, 2 A/(n) — (Eun[n]/lm@un)”}flh(n)}%
of A-module schemes over Y{*(n)g. Then the image of

[t € LB ren) YT (W R) = (L5 2 /D) (Y] (1) R)

yields a morphism j& : Y*(n)gr — Y{*(n)g over Yi(n)g.
The source and the target of j& are finite étale [ -torsors over Yi(n)g,
and (5.6) implies that G8is [ -equivariant. Hence 42 is an isomorphism. O

Corollary 5.15. Let H be an h-structure on E5,,
5.14. Then H extends to an element of

HO(XP ()R, (@) %),

un

Proof. By Lemma 4.3 and [Sta, (15.91.16.1)], it is enough to show

(TY)*H e B%(dX)®1+!
under the isomorphism (4.6). Write (TV)*H = b(dX)®I"! with some b €
B4&. Since H is an h-structure on EZ,, by (4.6) we have b9~1 = —ay. Then

un’

Lemma 5.6 yields b € 35’]% and the corollary follows. O

which exists by Theorem

Using Corollary 5.15, we can bypass the use of the x-expansion principle
in the proof of Theorem 5.5.



28 SHIN HATTORI

5.4. Extension of the Hodge filtration and autoduality. By Theorem
5.5, the universal object (E2, Aun, fun) OVer YIA(n) R gives an isomorphism

un’
A A
ADEuAn : Eun - (Eun)D'

Moreover, (3.7) for E4, yields an exact sequence

(5.7) 0 — wiy, — Hir . — Lie((BL)P) —0.

un

By composing the right map of (5.7) with the dual of the map AD7% of
(5.4), we obtain a morphism of Oy a () ,-modules

pr: HfR,un - Lie((Eﬁl)D) = (W(Egn)D)v ~ Wpa

un

and an exact sequence

(5.8) 0—>wh —= Hiqun —— (W

un

of finite locally free sheaves on Y (n)g.

Theorem 5.16. The map pr extends to a surjection of OXlg(n)R—modules
pr: 7:th,un - ((DEUAH)V

which sits in an exact sequence

_ ~ pr _
0——> wlﬁj — ’HfR’un — (cuA

of finite locally free sheaves on X{(n)g extending (5.8).

Proof. By Lemma 4.3, it is enough to show that the map (TV)*(pr) induces
a surjection (fv)*HfR’un — (F7)*((@4,)") whose kernel is #2dX. Since

un
the formation of the linear dual of a finite locally free sheaf is compatible

with any base change, for the O xa (H)R—module F corresponding to an object

(F, #) of the category Cr of Lemma 4.3, we see that (ZV)*(F) is the
coherent sheaf corresponding to the %’%—module

Hom g (M, BS).

Let us describe the map (TV)*(pr). Since the formation of the dual Drin-
feld module is compatible with base extension, (4.6) implies that the pull-
back of (E4)P by the map TV is TDV(A)P)| pa- By (3.10), for Y = X®~4
we have
TDY(A)? = Spec(R((z)[Y]), 2"V (V) = 0¥ —a1a3 'Y T+a; V.

Note that the pull-back of the exact sequence (5.7) by TV is

(5.9) 0 —= BR{dX ——= BRdX @ Bin —— B £ ——0,
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where the element 7 is defined by (4.8). The left map of (5.9) is the natural
inclusion. By (3.13), the right map equals

ashy —aiby d )

By Corollary 5.7, for an element b, € z(#%)* < (B%)*, we have

d a2b1 — a1b2 d
(TV)*(pr) : B3T® B2 — Bﬁﬁ, biT + boT? > b dX

Then (4.9) implies

$2 X
() (pr) () = — L) 4 d

A aax
b, dx - PR ox

Hence (5.9) induces an exact sequence of #%-modules
0 ——= BRdX —= BRAX ® By — B 1= —0.
This concludes the proof of the theorem. O

5.5. Kodaira—Spencer isomorphism and autoduality. By the proof of
[Hat1, Corollary 4.2] and Remark 5.3, we know that the map

. 1
KSga v myn/r t WES ®0ya . WES)P ~ Lyam,r

is an isomorphism. By composing it with the map (5.4) for the universal
object (E4., Aun, ftun), We obtain an isomorphism

Yo A \®2 1
KSY: (wun)™ = yagym

of invertible sheaves on Y (n)g

Theorem 5.17. The map KS" extends to an isomorphism

KS" : (@2)®? - QiflA(n)R/R@CuspS%)

of invertible sheaves on X{(n)g.

Proof. By Lemma 4.1, (3.9) and the compatibility with base extension of
Lemma 4.3, it is enough to show the theorem for R = A[1/n]. Thus we may
assume that R is F-finite.

By Lemma 4.3, it is enough to show that the map (7V)*KSY induces an
isomorphism

(T7) (@) — (T7)* (U 2Cusps))-

By Corollary 5.2 and (3.8), the map (7V)*KS" is identified with a similar
map

(5.10) KSips| , © (BRdX)®* — BRdX ®pa BrdY KSY Qpa/n
R
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for TDV(A)|B§, where KSY = KSY. and the left map is given

TDV(A)\BI%/B}%/R

by

(dX)®? - b 'dX ®@dY
with the element by, of Corollary 5.7. By (4.3), the map R((z971)) — BR
factors through an étale map R((z)) — B%. Thus, by (3.8), the right map
of (5.10) agrees with the pull-back to B% of the map

KSYn(a),n/R(@)/R - BU(2)AX ®r((@) R(2))dY — Qpa))/r

for TD(A)/g. Then [Hatl, Lemma 4.1] yields

KStpe), ((dX)®?) = b, Hi(2)da.

A
R
By Corollary 5.2, we have an isomorphism

1 A A
QXlA(n)R/R(QCUSpSR) |®S§ - cuspsﬁ/R@CUSpSR)'

Then [Hat2, Theorem 6.3 (3)] and Remark 5.4 show that this is a free

— A
O(Cuspsp )-module of rank one generated by z~2dzr. Thus we have an iso-
morphism of %ﬁ—modules

(ﬂv)*(Qkf(n)R/R@Cuspsﬁ)) — g 2 B8 dx.

Since (4.9) and Corollary 5.7 imply b, 'l(z) € 272(%%)*, the map KS{pv

Ipa
R
induces an isomorphism of %ﬁ—modules
(BRAX)®? - 2 BLdx.
Hence the theorem follows from Lemma 4.3. O

5.6. Arithmetic de Rham pairing. Let S = Spec(B) be an affine scheme
over A[1/n] and let E = (Lg, ®%) be a Drinfeld module of rank two over
S with a T (n)-structure (), u). Let f: S — Y{*(n) be the morphism that
the isomorphism class of (F, A, u) defines. We define a map

{(—,—>r : DR(E,G,) ®3 DR(E,G,) — B
as follows. By (3.4), we have an isomorphism
LE7(S) @ LF " (S) - DR(E,G)

by which we identify the source with the target. For any element ¢ €
DR(FE, G,), write

o= (p1,02), i€ LT T(S).
Let ¢, ¢" € DR(E, G,). Following [Gek2, (7.14)], we define

(o, e = (P1@¥h — V1 @ 2) @ (f*h)® Y € B.
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Since f*h is nowhere vanishing, this pairing is B-linear, alternating and
perfect. In particular, we have an OYIA (n)R-linear alternating perfect pairing

A A A
<_7 ~/un - HdR,un ®OY1A(n)R HdR,un - OYlA(n)R7
which we call the arithmetic de Rham pairing.

Lemma 5.18. The pairing

A A A
Wun ®OY1A(n)R (wun) V- OYIA(n)R7 PR pr((p/) = <()07 90,>un

that the exact sequence (5.8) and the arithmetic de Rham pairing induce is
equal to the canonical pairing.
Proof. 1t is enough to show the equality of the pairings on any affine open
subscheme U = Spec(B) of Y{*(n) g on which £ pa istrivial. Put B = E4 .
Write E = Spec(B[X]), EP = Spec(B[Y]) as (3.10) and
(IDtE = 9+a17'—|—a27'2 (a1 € B, ay € Bx).

Then we have

by = b(dX)®7*!, be B
so that b7~ = —a,.

By (3.13), the element

7€ DR(E,G,) = BT ® Br*

satisfies pr(br) = dix € Lie(E) and
dX,bryp = (a17 + a27'2,b7'>E = —azb! =1,

This means that the induced pairing BdX ®p BdiX — B is the canonical

one. O

Theorem 5.19. The arithmetic de Rham pairing extends to an OXlA(n)R—
linear alternating perfect pairing
A A A
<77 7>un : /HdR,un ®OX1A(:1)R /HdR,un - OXlA(n)R
such that the pairing
_ _ _ —A
w]ﬁl ®o wfn)v - OXlA(n)Rv Y ® pr(‘PI) - <907 90,>un

XP g (
that the exact sequence of Theorem 5.16 induces is equal to the canonical
PaITIng.
Proof. For the existence of an extension as an alternating OxlA(n)R—linear
map, consider the pull-back

(— = = (T7)— A,
Let dX and n be the elements of (4.7) and (4.8), respectively. By (4.9) and

Corollary 5.7, we have
(5.11) {dX, 17>B]% = 2%1(x)azb, € (BR)*.
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Thus we obtain an extension as an OXIA(n)R—linear map by Lemma 4.3.

Moreover, since X2 (n)g is an integral scheme, any nonempty open subset
U of it meets Y™ (n)g and the restriction map

(5.12) OU) —» OU Y (n)g)
is injective. Since (—, —)4, is alternating, for any section ¢ € ﬁﬁR’un(U ) the

A —A
element (, ), vanishes on U n Y{*(n)g and thus (¢, p)_ = 0.

For the perfectness of (-, —), consider the map
A A T RA
HdR,un - %mo)ﬁA(“)R (HdR,unv OXlA(n)R)v ¥ = (()0/ — <907 (p/>un>'

Then its pull-back by .7V is given by the %ﬁ—linear map

(Xm0 707 <w21(af§)agb;‘1 _xQZ(J(U))@b;q) )

where {(dX)Y,n"} is the dual basis. By (5.11), it is an isomorphism of %5-
modules. Hence Lemma 4.3 shows that the map above is an isomorphism.

—A
Since we have proved that (—, —),  is alternating, we obtain the perfectness.
For the last statement, by Lemma 5.18, the two pairings are equal on
Y2 (n)g. Then the equality on X{*(n)g follows from the injectivity of (5.12).
O
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